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PREFACE

Jerry Becker and Tatsuro Miwa, Co-Organizers

These are the Proceedings of the U.S.-Japan Seminar on Mathematical
Problem Solving held at the East-West Center in Honolulu, Hawaii July
14-18, 1986. The Seminar and these Proceedings mark the importance
placed on problem solving 1in school mathematical education in both the
United States and Japan during the decade of the 1980's.

We believe, along with all the delegates, that the Seminar was a
success. Interesting, scholarly papers and discussions filled the
Seminar Agenda. It was also an enjoyable event held in the superb
facilities of the East-West Center with the beautiful Japanese Garden in
the background. Not only did the participants find the Seminar valuable,
but the event marked the mutual and increasing interest by mathematics
educators from both countries in extending communication, exchange and
cross-cultural collaboration in research.

We want to extend our heartiest appreciation to all the delegates
who, through their paper presentations and discussion, accounted for so
much of the quality interaction during the Seminar. We need to also
express appreciation to the National Science Foundation (NSF) and the
Japan Society For the Promotion of Science (JSPS) which, through the
U.S.-Japan Cooperative Science Program, made this Seminar possible, 1In
particular, Dr. Charles Wallace (NSF) has our thanks for his important
role in the Seminar's success.

No bi-national sgeminar can be successful without competent
translators. In this respect, the Seminar was exceedingly fortunate to
have Dr., James Kenney and Mr. Kenji Inouye as translators. Not only were
they highly knowledgeable about the intracacies of translating between
Fnglish and Japanese, but they were friendly, amiable individuals who

cooperatively worked patiently and tirelessly to smooth communication




during Seminar sessions and gocizl activities. To both we extend our
profound appreciation.

As mentioned above, the facilities of the East-West Center are superb
and certainly they were ideal for our Seminar. For providing comfortable
meeting arrangements, an excellent technical setup, and a staff of
friendly and supportive individuals, we need to convey our deep
appreciation to Mr. James McMahon, the Logistics Officer of the East~West
Center. Through Mr. McMahon's support and patience, our Seminar was
helped to success. To members of his staff goes our sincere thanks: Ms.
Rowena Kumabe, Ms. Norma Heen, Mr. Marshall Kingsbury, Ms. Margo
Shiroyama, Ms. Leigh Hamasaki, Ms. Tammy Lewis, Ms. Noela Napoleon, and
Ms. Cassa#ndra Olayvar.

This Seminar was an important one and perhaps it 18 useful to
describe its origin. The Co~Organizers first met at the U.S.~Japan
Seminar on Mathematics Education held at the National Institute For
Educational Research in Tokyo in April, 1971. 1In the interim we had
communication and met again at the ICME-JSME Regional Conference held in
Tokyo in October, 1983. At that time, we engaged in conversations with
Profesgor Shigeru Shimada and others about the appropriateness, timing,
and content of another meeting that would deal with problem solving.
Later, further discussion was held with Professor James Wilson. All
agreed that such a Seminar would be useful, as well as timely, and it was
decided to seek support by submitting proposals simultaneously to the NSF
and JSPS. These proposals were reviewed on both sides and recommended
for support. There ensued preparation on both sides covering & time
period of 1-2 years, culminating in our Seminar at the East~West Center.

Finally, we express our appreciation to Dr. Art King, Directoz of the
Curriculum Research and Development Group at the University of Hawaili,
the Dean of the College of Education, Dr. John Dolly, and Ir. Loretta
Krause, Principal of the University Lab School. They received us and
made our visits outside the Seminar interesting and rewarding. To Ms.
Carole Shirley goes our thanks for transcribing all Seminar discussions,
and to Ms. Joan Griffin our heartfelt appreciation for her enormous
energy and friendly competence in typing these Proceedings into final
form. Ms. Griffin and Ms. Lynda Hurley, along with Ms. Pat Brey,
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asgisted in proofreading these proceedings, though any mistakes are the
responsibility of the Editors.

It 1s our earnest hope that these Proceedings will te of interest to
mathematics educators in both countries, as well as to others who share
our desire to advance the cause of an improved mathematics education for

children and students at all school levels.
Jerry P. Becker Tatsuro Miwa

August, 1987

Special Note: The American delegation was pleased to host the Seminar in
Honolulu. We wish to include a special ecknowledgement to members of the
Japanese delegation. All Japanese delegates prepared and presented their
papers in English in excellent fashion. This represented a significant

effort on their part, an effort for which we are deeply appreciative.

Jerry P. Becker
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SEMINAR PURPOSES AND PROCEDURES

There has béen congiderable interest and a large number of activities
in mathematics education in both Japan and the United States in recent
years. HMathematics educators in both countries are exploring ways 1in
which student achievement can be improved in all areas of school
maethematics., But the area of greatest concern and the area in which
mathematics educators of both countries are focusing their attention 1is
problem sclving. Accordingly, this is the area of focus for the present
Seminar and subsequent research.

During the discussions between American and Japanese mathematics
educatore, starting in 1983 and continuing through 1985, a great and
mutual interest was expressed in bringing mathematics educators on both
sides together to improve communication and propose further research. A
Joint U.S.~Japan Seminar seemed like an excellent manner by waich to do
this. The main purposes of the Seminar were set as follows:

1. to examine the present state of problem solving in school

mathematics in the United States and Japan

2. to explore classrocm practices in problem solving in the United
State and Japan

3. to examine existing data concerning problem solving in the two
covatries

4. to compare the situations appearing 1in typical textbook word
problems in both countries

5. to explore what is known about research in each country relating
to the pattern-finding behavior of students in problem solving

6. to explore what is known about research in each rountry relating
tolt?e mathematical model-making behavior of students in problem
solving.

7. to make plans for crogs-cultural research in problem solving in
both countries, including:

% identifzing specific problems that would be used in the
researc

* identifying the levels at which data will be gethered
* identifying the instruments/research approaches to he used in
the studies
, * gathering common data for the two countries
* exchanging and analyzin§ data
* reporting research results to the larger mathematics education

communities in both countries, as well as the Llarger
international community :

viii
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Becker:

Miwa:

OPENING SESSION

The Joint Japan-United States Seminar On Cross-Cultural
Research On Students' Strategies Dealing With Mathematical
Problem Solving i1s about to begin. Members of both the
American and Japanese delegations are now gathered here in
HRawaii in the middle of the Pacific Ocean for the Seminar. On
behalf of the American delegation, I would 1ike to offer our
most sincere greetings to Professor Miwa and all members of the
Japanese delegation,

On behalf of the Japanese delegation, I would like to offer
our uost sincere greetings to members of the Americen
delegation. -

The idea for the Seminar began with several members of the
Japanese delegation, including me, and Professor Becker, the
Co-Organizer of the Semid%r, who had come to Japan for the
ICMI-JSME Conference on Mathematical Education in October,
1983. Following that first meeting, we had many more meetings
and communications. The application (proposal) for the Seminar
was submitted to JSPS and NSF in May of 1985, and approval was
given in the end of last November. 1In the seven subsequent
months, the American side officially drafted Professor Becker,
whose devoted attentfon to the various fine points of the
Seminar has made this meeting possible. All Japanese members
and I are very grateful for the remarkable efforts made to
organize the Seminar.

The importance of mathematics education in a democratic
soclety is widely recognized today, and there is no need for me

to elaborate on this point. And problem solving dis now an

issue-of utmost immediacy for both Japan and the United States.




Becker:

This Seminar will deal with problem solving from a
cross—~cultural standpoint, which is-a very new approach to
research, and I expect that there will be prime results arising
from our deliberations. In order that there be a 1large
success, I ask for the cooperation of all of you.

At this point, T would like to offer my thanks to the
East-West Center which has provided the seminar room, and
especially to Mr. James McMahon who has done so much to make
the conference possible. In thinking about the Seminar with
its focus on comparative cultural matters, the East-West Center
is, perhaps, the most appropriate place for our meeting.
Finally, I wouid 1like to express my thanks to both our
tranglators, Dr. Kenney and Mr. Inouye. Our hope is that they
will assist in lowering the very high 1language barrier and
contribute towards the success of the Seminar. Thank you very
much.

Phase one of the Seminar i1s now complete. The papers are
written and we are all here. We now begin phase two which is
perhaps the most important part of the whole process. Now we
study the papers, discuss them, and do our best to communicate
with each other about the content of the papers. Among our
objectives are: (1) for each delegation to learn more about
mathematics education in our two countrieg; (2) to learn more
about research in mathematics educaticn in our two countries;
(3) to see what we can take from the papers and discussions
that will help us understand the problem solving behavior of
students and help to improve classrcom teaching; and (4) to
plan for future cooperative research that builds on the basis
laid here at this Seminar.

Professor Miwa and I wish to thank all the participants for
their diligent work in preparing their papers. I want to thank
Professor Miwa for his consistently excellent ccoperation as
leader of the Japanese delegation in finalizing all the
details, both conceptual and logistical, that have now brought

2
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us together here at this beautiful meeting pl ce. On behalf of
the American delegation, I wish to welcome all of our Japanese
colleagues to the U.S. and to the Seminar. It is our honor to
have you with us. Now let us begin the work of the Seminar,
vhich I feel will be historic in building interaction and
cooperative efforts among Japanese and U.S. mathematics
ed&cators. Thank you,

0
prech
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Becker:

Shimada:

Professor Shimada's Paper

It is my honor to begin the proceedings by introducing
Professor Shigeru Shimade. I will nmake just a few remarks. I
have known Professor Shimada for many years as a colleague in
mathematics education and as a friend. He has held very
important positions in Japanese mathematics education over a
period of many years. Since.1982 he has been Professor of
Mathematics Education on the Faculty of Science at the Science
University of Tokyo. He has had experience as a mathematics
teacher in the middie schcol attached to Tokyo Higher Normal
School. He has also been z Specialist Officer in <the Ministry
of Education as well as Senior Researcher in the National
Institute For Educational Research. Professor Shimada was also
on the Faculty of Education at Yokohama National University.
So, Professor Shimada, we welcome you and look forward to your
talk.

Thank you Mr. Chairman and ladies and gentlemen. I think
it is my great honor to be assigned as the first speaker in
this 1interesting Seminar. I would 1like to take this
opportunity to express my sincere gratitude to Professors Miwa
and Becker for their great 1leadershin and efforts to organize
this meeting.

Now I will go into my paper.




PROBLEM-SOLVING ~ THE PRESENT STATE AND HISTORTCAL DEVELOPMENT IN JAPAN

Shigeru Shimada
Faculty of Science
Science University of Tokyo

1. Introduction

Many papers on problem-solving in mathematics education seem to
suggest that most difficulties pupils encounter *n problem-solving are
common to both countries, though the relative degree of difficulty may
differ in some respects. But sometimes a delicatc Jifference may be
noticed. For example, the reversal mistake discussed by Resnick and
Clement is not so common in Japan, at least in the upper secondary grades
or at the college 1level. This kind of reflection motivated me to the
consideration of factors which may affect positively or negatively on
pupils' problem-solving behavior as well as teacher's behavior of helping
them in the mathematics classroom and at the seme time seem te be so
ordinary in that society that observers and those observed both 1likely
fail to become aware of them. Being ordinary in that society means that
they constitute part of the socio--cultural tradition of general citizens
and of teachers specifically.

I would like to enumerate these factors with a brief sketch of the
historical development of mathematics teaching in Japan, in which these
traditions were gradually formed. Because time is limited, most examples
are omitted from my text, but, instead, are given in the Appendices, of

vhich B to D were prepared by my collaborator, Mr. Eizo Nagasaki,

2. Adoption of Western Mathematics

Mathematics presently taught in the schools of many countries ig
international in its paradigm, structure, and symbolic system, though it
is described by a variety of languages. But historically speaking, this
is a product of Western civilization, originating in the Oriental and
Greek civilizations and being formed through the modern development of

Europe.
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Western mathematics was fragmentally imported into Japan beginning
in the 18th century. After opening the country to foreign intercourse in
1858, a few pioneering scholars, naval and other military officers began
to study it eagerly and systematically for the purpose of national
defense. The new government took over the old regime of Tokugawa in 1868
(an event which 1s called the Mei?{ Restoration) and began to establish a
modern school system throughout the country in 1872. Western mathematics
was adopted as a school subject from the first year of elementary school.
This adoption was a very bold decision because in those days there were
only a handful of persons all over the country who were competent enough
to teach the Western mathematics while there being much more persons who
were able to teach a traditional Japanese mathematics, 1f allowed. This
decision had a profound effect on the further development of Japan.

Traditional Japanese mathematics originated in China and was
imported from there to Japan in 7th and '17th century, It developed
independently to a greater extent during 17-19th centuries. Books for
its elementary part, whose intended audience were adults in business or
civil engineering, were first published in Japanese in the 17th century
and gradually became popular through many revised or imitated versions.
These contributed to diffusion of a basic knowledge of mathematics.
Their contents were composed of examples showing the use of the abacus in
multiplication and division and of real and practical problem-solving
with notes for answers and method. They were supplémented with a few
fictitious problems to meet peoples' intellectual curiosity in the form
of games, quizzes and/or df (sions.

Books for an advanced part were composed of problem~solving mainly
concerned with computation related to geometrical figures and did not
have any link with téchnology or the sciences. Development of themes was
based on  intuition and induction but not on deductive arguments.
Competition for solving mere difficult problems motivated mathematicians.
One merit of this mathematics was that it provided a background in which
Weslern mathematics was implanted together with some technical terms.

The laymen's view of mathematics was formed by this elementary
version of Japanese mathematics during the 17-19th centuries. It seemed

to remain as the attitude towards learning mathematics through geveral

6
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generations in the context of school education. Mathematics, especially
its elenentary part (arithmetic), was regarded as a tool for solving
re2al-world problems and as an intellectual game with mysterious tricks,
but not as an organized body of knowledge. This attitude tended to

encourage a fragmented learning of skills in problem-solving by

separating them into types.

Many efforts were needed to bring about the bold decision to adopt
Western mathematics. But through about twenty years of struggle, a
proto-type Japanese version of Western mathematics was established by the
end of 19th century. Among others, the following adjustment measures to
accomodate Western mathemuatics to the Japanese context seem relevant to
our interests here.

While new Japanese terms corresponding to Western technical terms
(having no egquivalence in existing Japanese vocabulary) were devised or
createid, Western symbolic expressions, including the use of Arabic
numerals and alphabets, were adopted with only small modifications. For
example, the order for writing the multiplier and multiplicand in

‘ multiplication was reversed.

How to read aloud those symbolic expressions was a perplexing
problem for both teachers and pupils. An informal solution was adopted
in which symbols were read in Japanese (in most cases) one~by-one in the
order of their appeurance.‘ Though this approach was not in accordance
with Japanese syntax, through frequent repetition in school it gradually
became recognized as a Japanese dialect in talking about mathematics.

Japanese sentences are traditionally written in vertical form from
top to bottom and from right to left. This system is still widely used
in daily life and also in non-~scientific publications. But this is very
inconvenient in mathematics when the Western symbolic system is used.
Accordingly, our ancestors created a new form for writing Japanese in
which sentences are written horizontally from left to right and 1lines
from top to bottom, comsistent with Western languages (See Appendix B).

It should be noted that symbolic expression may have the effect of
shorthand writing of ordinary sentences in Western languages, but such is
not the case in Japanese. Furthermore, in thé Hestern context alphabets

provide for abbreviation of nouns, but in Japanese this is not the case.
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It is an arbitrary symbol with no specific meaning by itself, though
repeated use of x, .y, etc., 18 likely to cause a nlsunderstanding that
they are symbols for unknown quantitiec by themselves. (Most Chinese
characters have their own meaning, whercas 'kana' 1letters arce only
phonogram. In some cases, pupils may interpret alphabet as a kind of
ideogram meaning unknown or known.)

Use of the horizontai writing system may give pupils a kind of
readiness for mathematical context, and use of the \lestern cystem of
symbols within the Japanese context may give an effect of 'background and
figure' as in the theory of Gestalt psychology. At the same time, this
may cause some differeat difficulties not experienced by Western
children.

3. Pressure of Entrance Examination

A strong trend after the Meilji Restoration %was a desire of people to
climb the <ocial ladder through schooling. This became possible for
ordinary citizens regardless of thelr parents' status, provided they
could afford it. Thus, entering an institution of higher education came
to be regarded as a necessary means to realize this end. Because there
were never enough positions in higher education for all who wanted to
enter, there ensued a severe competition in the form of entrance
examinations. Mathematics played a key role in this selection process
because of the nature of its clear dis}inction between right and wrong
and its ease in preparing problems cf various levels of difficuity. This
situation continued from the end of the 19th century right up to the
present. Before the 2nd World War it was from elem.atary to secondary
and secondary to tertiary, and following the War from lower secondary to
upper secondary and upper secondary to tertiary.

Preparing pupils for examinations was considered a job for classroom
teachers, and thus exerted a strong ifasiuence on their teaching at all
levels. As prezparation of pupils for examinations took on greater
importance, the usual textbook problems provided little discriminating
power and artificial and well-buz complexly-structured problems were
devised by examiners. These, in turn, were followed by teact-vs in their

classes. Then examiners would seek to devise newer ones and a kind of
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“see~saw game was played between them. As a way for preparing pupils for
examination, teachers devised a classification of prcolems by type so
that pupils could memorize the types to use in solving problems (see
Appendix C for examples of types). This trend was especially prominent
“in the case of elementary schools before the 1930's.

As for the pupils, this tended to spur a narrow-minded preparation
and fostered an attitude of hurrying to get an answer without reflection
on the solving process. However, at the same time 1t provided good
practice.

Examiners were supposed to expcct examinees to write their solutions
in a neat and systematic manner fcr ease of scoring. In order to meet
this requirement, teachers encouraged their pupils to use a standard

tyle of answering word-problems in the elementary school 1level. The
style consisted of (1) expression in horizontal form, (2) a few words of
note, (3) computation, and (4) a complete answer {(e.g., omission of the
unit would be given a reduced score). Writing expressions before
computation thus became the usual classroom practice even when the
teaching did not emphasize the preparation. This custom seemz to help
pupils to transfer from arithmetic to algebra. In cases where the use of
equations is helpful in problem-solving, formulating the equaticn from
verbally stated conditions usually requires expressing some quantity with
two or more operations on given data and unknowns,.

As time passed, it became clear that the approach of classifying
problems was not so successful as expected; accordingly, two trends
emerged: one was to teach a general strategy to attack a new problem
(emphasized mainly in the upper grades), and the other was to teach the
meaning of operations in a more effective manner (emphasized mainly in
the lower grades). For the former, several strategies or tactics were
advocated and published as books for usge by pupils 1in preparing for
examinations (see Appendix D for examples of such strategies). These
proved helpful for some pupils. For the latter, teachers formulated a
set of problems for use in introducing new concepts while making sure of
their effectiveness by analysing their mathematical meaning and

developmental stages (much like Freudenthal's phenumenology).
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4, PFurther Development

While the school system, together with its syllabi and style of
presentation (including those of mathematics), was fully established and
expanded during 1900-1930, new movements to Iimprove instruction in the
schools gradually emerged from various sectors of education. The
practice of praparation for examinations also became a matter of social
concern. The pragmatic and child-centered philosophy of education
entered into the elementary schools, and the improvement of mathematics
teaching at the secondary school level (advocated by Perry, Klein, and
Moore) began to have an influence on mathematics teachers in our country.
Examination-based problems and problems for adult's real 1life (rudiments
of so-called commercial mathematics) were criticized because they were
unsuitable for teaching with respect to their situation, structure,
naturalness, or motivational value. Progressive educﬁtors advocated the
use of more pragmatic and real-to—child problems as well as problems in a
broader sense such as half-or unstructured ones.

Along with these trends, which might be regarded as a reflection of
Western thought, an element of traditional cultural thought seemed to
re-emerge in a somewhat subtle way behind the movement. It 1is a
tradition to seek a meta-physical or meta-technical mental attitude
behind every kind of arts, techniques, or Aisciplines. Thus, as a basis
for teaching mathematics, such words as scientific spirit, idea of
function, and mathematical ways of thinking came to be used frequently in
discussions. Further, the name for arithmetic was changed from
'sanjutsu' (meaning the 'art of counting') to 'sansu' (meaning arithmetic
and mathematics) in 1941 in order to avoid a nuance indicated by use of
! jutsu' which means a technique or an art.

Concurrence of these two trends resulted in a new curriculum in the
form of a series of textbooks for the elementary schools in 1935, and
later secondary schools in 1941. The basic underlying philosophy of this
new curriculum may be interpreted as identifying the lesrning process
with the process of problem solving in its broader sense. A course of

learning was considered as a process of problem solving as reflected in

the following:




a new problem ——3 development of conceptual tool to solve it —_—

solution— refinement and generalization of tool——5 a next problem

In this approach, new types of problems from the real or physical world
were devised and mathematical diversions grom the old Japanese
mathematics were revived and incorporated in order to stimulate pupils’
curiosity.

This approach continued to the end of the 1950's, though curricula
were revigsed during this period, its intention could not be realized in
classroom practice for many reasons (one of the main criticisms was its
feilure in the systematic development of tepics). After the 1950's, the
curriculum returned to that organized by a systematic sgequence of
subject-matters, though problem-solving activities in a rather restricted
sense were also emphasized as one of objectives., In responding to public
criticism against a decreasing level of pupil achievement, sgeveral
strategles for problem~solving such as drawing a 'structure diagram' were
developed,

The so—called "New Mathematics" was introduced in schools in the
1970's and emphasis shifted to a more conceptual kind of learning than a
problem—~solving one, though the wvalue of good problems for development of
mathematics was emphasized by eminent mathematicians. After introduction
of the "New Mathematics,” public criticism against 'too early
introduction of abstraction and new terms and symbols' became severe.
Consequently, in a further revision of curricula a formal introduction of
new mathematics was retreated and the emphasis was gradually shifted
toward teaching mathematical ways of thinking which form the basis of
those modern concepts of mathematics. This may be regarded as a new form

or appearance of the traditional cultural thought mentioned earlier.

5. Concluding Remarks
The following four socio~cultural factors which may have influence
on pupils' behavior in problem solving are discussed in this paper:
1. The layman's view of mathematics as a tool for s~lving problems.
2, Use of the Western system of mathematics symbols incorporated in a

horizontal way of writing Japanese sentences.
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3. The pressure of entrance examinations, and its effects on school
practice,

4., Teachers' emphasis on mathematical ways of thinking.

It would be difficult to clarify empirically the extent to which these
factors may contribute to the outcome of pupils' 1learning on
problem-solving in mathematics. However, if we want to make meaningful
comparisons of different socio-~cultural backgrounds, these should be

taken into consideration in the design and analysis of research studies.
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Appendix A

Aspects of a Problem

Since the word ‘problem' is used in a variety of ways according to

context and 1is gometimes 1likely to cause confusion in discussion, 1t

would be useful to identify some aspects of 'problem' which may have

different implications for mathematics teaching. The following aspects

seem to be important in considering the educational value of problems,

though reference 1s not made to all of them in the text of this

presentation.

A.

Proposer, i.e., who proposed it?

(1) pupils. (2) teachers. (3) outside adults such as author
of textbooks or examiner,

Situation, i.e., with what kind of world is it concerned?

(1) pupilts daily life. (2) adult's gocial or economic 1ife.

(3) physical world., (4) fictitious world or imaginary real world.
(5) conceptual world (of pure mathematics or other scienzes.)
Structure, f.e., how is it structured?

(1) well and simply structured. (2) well but complexly structured.
(3) half- structured in terms of data or condition.

(4) unstructured, only goal and obstacle are specified,

Naturalness, i.e., 18 it a natural question in that situation?

(1) natural, 1ikely to happen. (2) artificial, unlikely to happen.
Motivation, i.e., why must it be golved?

(1) practical. (2) emotional (to keep pace or compete with peers,
or to please teachers or parents). (3) scientific (to satisfy
intellectual éuriosity or academic in.crest, or to meet needs in
other fields of interest), (4) 1instrumental (it must be done to
get a certificate, to pass an examination, or to get approval to do
other things.)

From the teacher's point of view, problems may be classified by

purposes of using them in teaching, That is:
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Pl.
P2,
P3.
P4,

Introducing a new topic.
Exercising learned concepts,

Enriching meaning of learned concepts.

Teaching strategy or tactics for problem

14
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APPENDIX B

Sample Pages From 0ld Japanese Mathematics Books
To Show Different Writing Systems.

(1) Figure 1 shows a page (17cm x 27cm) from one of the most popular
elementary mathematics books, Jinkoki, by M. Yoshida, published in
1627. Senteaces are written vertically with an 1llustration of

abacus using for 16 x 6.25 = 160.00 and a table to show what
multiplication facts are used.
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(2) Figure 2 shows a page (l2cm x 22cm) from one of early publications

on Western algebra, Daisushinsho by Y. Nishida, published in 1877.

Japanese sentences are written vertically and Western

symbolic

expressions are inserted among them with a quarter turn.

Figure 2
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-(2) Figure 3 shows a page (12cm x 22em) from another early publication
on Western algebra by unknown, published in 1877. Japanese
sentences are written vertically while Western symbolic expressicns

are inserted among them in horizontal form.

Figure 3
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(4) Fipure &4 shows a page (12cm x 18em) from one of the first
publications written in the totally horizontal system on algehra by
T. Omori and U, Yatabe, pubhlished in 1889,
Figure 4
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(Prepared by Nagasaki)
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APPENDIX C

Types Of "Application Problems Of Four Operations”
(verbatim translation of the then-used Japanese term)

The following classification is cited from 'Shin Sugaku Ziten' (New
Mathematics Cyclopedia), published by Osaka Shoseki in 1979. Most
problems had been included in arithmetic teaching before the 2nd World
War as a main concern of teachers and pupils, and some still remain in
present teaching with somewhat different emphasis,

Those problems were assigned to pupils to apply operations on number
and to solve them through an arithmetical method in which uge of algebra
was not allowed., Usually problems relating to geometrical figures are
not included, An example of each type together with 4its nickname 1is
shown in the following by dividing them into two groups, one being those
which appeared in the national textbooks in those days, and the other
being those that did not.

1. Those That Appeared In The National Textbooks

During the first half of the 20th century, arithmetic textbooks had
been compiled by the Ministry of Education and revised five times duriag
this period. Each version will be referred as m, T2,..., T6 in
chronological order. The years of the first publications are as follows:

T1...1905, T2.,,1910, T3,..1918, T4...1925, 75...1935, T6...1941.

In the following examples, the number of the version, the assigned grade,
and the page in the text are shown in the parentheses at the end.

(1) Kiitsu-zan (reducing-to-unit problem)

It takes 50 minutes to copy five pages of a document with 20 letters

in a 1line and 10 lines in a page. How long doeg it take to copy 20
pages of another document with 25 letters in a line and 12 lines in
a page? (T4, Grade 6, p.73 (6))




(2) Ueki-zan (planting-tree problem)

The length of the south side of our playground is 48 meters. We
want to put nine flags at equal intervals there. How long i3 the
interval between two successive flags, 1f we put them at both ends
too? (T6, Grade 3, Part 1-p.20, (6))

(3) Sagakuheibun-zan (making-equal-firom-different prcblem)

There are fifteen persons on board a ship and nine persons on board
another one. In order to make the number of persons on each ship
equal, how many persons should be moved from one to the other?
(T6, Grade 3, Part 1-p.22, (13))

(4) Wasa-zan (sum-and~-difference problen)

28 decilitres of water is poured into two bottles., The bigger
bottle holds 6 decilitres more than the other. How much water is
there in each of bottles? (T5, Grade 3, Part 2-p.84, (2))

(5) Ryusui-zan (stream problem)

In the tropics, the east wind blows hard at an altitude of 6000 to
7000 meters. An airplane flew 1100 kilometers in two hours with
this wind, and against this wind the plane flew only 150 kilometers
in an hour. How fast does this plane fly in still air? How fast
does the wind blow? (T6, Grade 6, Part 2-p.73, (7))

(6) Oikake-zan (running-after problem)

Mr, A started from a place at the speed of 4 kilometers an hour.
Thirty minutes later, Mr. B started from the game place at the speed
of 4.5 kilometers an hour and ran after Mr., A, How long did it take
for Mr. B to overtake My, A? (T6, Grade 6, Part 1-p.74 (16))

20

18




€))

(8)

(9)

(10)

(11)

(12)

Deai-zan (meeting problem)

Mr. A and Mr. B started at the game time from places 1,05 kilometers
apart. They moved towards each mther. Mr. A went at the speed of
90 meters a minute and Mr. B at the speed of 85 meters a minute,
How long did it take for them to meet? (T4, Grade 6, p.65 (11))

Nenrei-zan (age problem)

The age of a father is 35 years and those of his two sonms are 14 and
5 years, respectively. How many years will it take until the sum of
two sons' ages 18 equal to their father's age? (T5, Grade 6, Part
1-p.51, (6))

Tauru~keme~-zan (Cranes-snd-tortoises problem)

Altogether, there are 20 crunes and tortoises. The sum of the
number of their feet 15 §
are there, respectively? (T5, Grade 6, Part 2-p.74, (10))

2. How many cranes and how many tortoises

Soto-zan (rate problem)

21 pages of a Japanese reader has been read but there still remains
two thirds the reader. How many pages are there all together?
(T2, Grade 6, p.23 (4))

Suigoto-zan (work problem)

Mr. A completes a task in six days, Mr. B in eight days, and Mr. C
in twelve days. How many days does it take to complete the task, if
they work co-operatively? (TS5, Grade 5, Part 2-p.30, (13))

Hojin-zan (square arrangement problem)

Arrange 24 go-stones in a line so as to form a square frame. How

many go-stones are there on a side? (TS5, Grade 2, Part 2-p.36 (7))




(13) Shuki-zan (period problem)

Streetcars start every 15 minutes from the station and buses every

12 minutes. A streetcar and a bus start at noon. At what

they start at the scme time again? (75, Grade 6, Part 1-p.23, (3))

Types of problem which were included ir »ach version is ghown in th=

following table.
Table: The appearance of types of‘prohlag

(x indicates that the type in the left column is included in that

version)

version Tl T2 T3 T4 T5 T6
type

(1)
(2)
(3)
(4)
(5)
(6)
7 x x x
(8)
9 = ®
(10) x x x
(1) x X
(12)
(13)

L . B S |
LI B S
® H oo M

LI T T B

F O B B T T

M

L - B

X

N.B. 1. This table may suggast a chang2 of philosophy to problem-

golving from TS version.

2, Some similar to those mentioned later are omitted here.
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2. Other Types That Appeared in Classroom or Preparatory Teacning

14

Altogether, 23 types are mentioned in the said reference. Those

types which are not referred to in the previous section seem to

be taught in auxillary fashion or fer examination from
secondary to tertiary. They are as follows (the number for

type continues from the previous omne):
(14) Rangen-zan (working-backwards problem)

After spending a half of the money, he had received 2000 Yen. Then
he spent 1000 Yen more money than a half of the wmoney, and found
2500 Yen in hand. How much had he at first?

(15) T iwa-zan (constant~sum problem)

There are 8.6 dl sauce in bottle A and 3.4 dl in bottle B. How much
must be poured from A to B in order to make the volume of sauce in B
double of that in A?

(16) Teisa-zan (constant-difference problem)

There were 8.6 d1 sauce 1in bottle A and 3.4 dl sauce ia bottle B.

When the same volume of sauce was poured into both botties, the

et -

both?
(17) Baisu-zan (multiple problem)

There were all together 12 dl sauce 1in bottles A and B. After 1.4
dl of A was used and 0.2 d1 was added to B, the volume in A became
as twice as that in B. At first, how much sauce was there in A and

B, respectively?
(18) Baisu—-henka-zan (multiple-change problem)

Mr. A has 210 postal cards and Mr. B 190 postal cards. If Mr. A
uses 16 cards a month and Mr. B 14 cards a month, how many months

does it take until their remainders become equal in number?




(19) Rafusoku—zan {(Excess-and-defect problem)

A heap of oranges is to be distributed to each child in a group. If
each child receives three oranges, ten orangee will be left. If
each child receives five oranges, four more oranges will be needed.
How many oranges are there? How many children are there?

(20) Tsuka-zan (passing~-through problem)

The train is Z00m long and goes at 100k@/h. It passes through a
tunnel whose length is 4km. How long does it take from the time the
head of the train comes to the tunnel to the time the tail of the

train goes out the tunnel?
(21) Heikin-zan (average problem)

There are ten bottles containing sauce. The average volume of'sauce
among ten bottles is 8.55d1. Only one of them contains 7.5d1 and
the others contain 9d1 or 8.5dl1. How many bottles of 9d1 and 8.5d1
are there?

(22) Shokyo-zan (elimination problem)

There are two articles in a shop, A and B. The price for three A's
is equal to the price for four B's. The price of one A and one B is
2100 Yen. Hcw much does each of A and B cost, respectively?

(23) Tokei-zan (click problem) ottt T e

At what time do the long hand and the short hand of the clock
overlap each other between 7 o'clock and 8 o'clock?

(Prepared by Nagasaki)




Appendix D

Examples Of Strategies Or Tactics For Problem Solving In Mathematics

Advocated By Authors Of Popular Crambooks For Secondary School Students

Because of a gevere competitior in the entrance examination to
famous universities, many crambooks were and are published to help those
who are preparing for the examination. Authors give advice on how to
study as well as a kind explanation of the theory in question and

solution of related problems. Two examples are given below:

1. Those by R. Fujimori

Fujimori worked actively during about 1910-1940'g and published a
series of craubooks éntitled "How to study, think, and solve in the
subject x," in which he sdvocated the following. His work was succeeded
by his son, Y. Fujimori (translated from a volume in ‘'Basic analysis' by
Y. Fujimori, publisked in 1953).

(1) The systematic way of studying mathematics:
to select vital matters in the subject and arrange them in order,
to understand and memorize then,
to select, srrange in order, and study main problems from which you
can learn how to solve,
to. master the methods by which you can solve similar or new
problems,
to foster background to transform or construct new problems,
and thus, to attain a stage of creation and invention.
(2) Examples of tactics:
be not reluc:iant to repeat.
two major weapons to save thinking are
saving thinking by use of algebraic expression
saving thinking by use of geometric diagram,
form an attitude to ask in yourself in the following order, when
you are given an algebraic expression:

1. what variables are involved?
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2. of what degree is each?

2. Those by J. Hashimoto

-Rashimoto was a mathematician and a successor of X. Hoshino who had
iavented the Chart System as a style of crambook during about
1930's~1940's, and he actively worked in this respect during about
1940'3-1970's, His strategy is as follows:
(1) A proper attitude to be given problems is needed for solving them

- auecegsfully, That

to understand the meaning of the problem, to have a plan to solve
it, to write a paper to answer it, and to check the paper.
Among these four, it is the second step which largely influences
success or failure. The general principle for this second step is:
( 1) to connect what is required with what are given,
(i1 ) when a direct connection is difficult to find, consider an
intermediate means between them,
(111) when a front gate.cannot do, try a rear gate,
(iv ) comsider whether you forgot some of conditions or not.
(2) Tactics for planning solution in algebraic problems,
(1) Consider what should be represented by variables,
(11 ) Consider how should the given variables be regarded.,
(111) Consider how to express the essence of the problems in terms
of variables.
(iv ) Consider how to transform the expressions thus obtained.

(3) Further examples of tactics.

( 1 ) Before proceeding, arrange a given expression in a decreasing
order of terms.
(11 ) The first principle of a factérization
At first, arrange them with respect to the variable
of the lowest dagree.
(111) J(fear)zz if a > 0, then J;E.- a
ifas<o, then‘/a—2-=-a

(Prepared by Nagasaki)




Becker:

Shimada:

Becker:

Travers:

Discussion of Professor Shimada's Paper

We thank Professor Shimada for providing an historical
background for Japanese mathematics education and the influence
of Western wathematics on Japanese mathematics education.
Probably many of us Americans are not too familiar with this
background. We now have approximately half an hour for
discussion. Let us open it up for discussion and, perhaps, I
can gtart 1t off.

Professor Shimada made reference to the role of entrance
examinations in Japan, and he mentioned that there are some not
good charactezistics of them. But yet, we know from date of
the Second International Mathematics Study that Japanese
students perform very well. Do the entrance examinations have
some positive effects as well as some negative effects?

Perhaps for an evaluation such as the IFA it may have had
positive effects. It made students strong in solving routine
items on the test, and made more items routine work for
Japanese students than for students in other countries.

But when I was engaged in the first IEA Mathematics Study,
I found that Japanese students' view of mathematics was very
much static. That 1s, they saw mathematics in a very static
way and not in a dynamic and functional way as it should be.
This means a further development of their mathematical ability
way be very limited.

This finding stimulated me and others to gtart studies on
how to develop an open-minded and dynamic attitude towards
mathematics on the part of students.

I should have adhered to the rule that we need to establish
during the discussion by first stating my name, then ' asking my
question in English, and then letting the translators translate
it into Japanese. I'm sorry about that. So the next person
will please do it right, l

I found your comments very helpful, Professor Shimada, in

providing a background in helping to identify some cultural

aspects of problem solving. I would like to try to explore one
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Sh'mada:

aspect of differences in mathematics education between Japan

and the United States to which you allude in your paper.
Perhaps you cculd expand on it a bit. It has to do with the
role of computation in contrast to problem solving. From data
we have seen, for example, it 1looks as though in the United
States, in the early grades, there 18 a great deal of concern
with bringing children to a satisfactory level of computational
ability in arithmetic. Even at the junior high school 1level
there 18 almost a domination of the curriculum by computational
aspects of mathematics. However, in the Japanese data, we see
that arithmetic is essentially dealt with by the age of eleven
or twelve and that students have reached very impressive levels
of mastery. Can you identify factors that would account for
this difference? I'll raise omne possibility, though I'm sure
there are many. Does it have anything to do with, from my
point of view, the integral iole of the abacus as an important
part of the culture?

Usually the teaching of the abzcus in school is not so much
emphasized in Japan. ¥t 418 included in the syllabus, but not
too much time is assigned to its teaching and most students
carry cut their calculation without an abacus unless
spacifically requested to do so; rather, they use the pencil
and paper algorithms. But In this case, it 18 a good point for
Japanese students to have a clear decimal numeration Bsystem in
the Japanese language which is very sensitive to the place
value, Being sensitive to place value is a kind of inheritance
from the use of the abacus (Soroban). And usually if students
succeed in mastering the basic number facts (i.e., computation
involving two one-digit numbers) then they do not have so much
difficulty in learning further computation with numbers having
many digits, (Japanese students work hard on exercises on
computation,)

The difference between our two countries may be due to two
factors. One 13 the numeration system to which I Just made
reference, and the other may be the expectation of students by
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Travers:

Shimada:

Travis:

Shimada:

parents and society. rarents expect that their chiidren can do
such things, teachers also have the same expectation, So
studente automatically try to live up to these expactations.
Bven in the case of parents who think of themselves as weak in
computation, they commonly encourage their children to work
hard so as to become strong in computation. Perhaps, this
parental attitude may be somewhat different from that in the
u.s.

One other point. Would you say that there is a great
emphasis on mental computation as opposed to, say, using pencil
and paper?

Yental computation was once very much emphasized in the
elementary school. But after World Wwar II, this emphasis
diminished. During the war in 1935-45, the three ways of
computation (paper-pencil, mental, and with Soroban) were given
equal weight in teaching. But after the War, this policy was
criticized as demanding too much of students, especially by the

officers in charge.of .education in--the General ‘Readquarters of

the Occupation Force. Since then the emphasis for mental
conputaticn has been decreased. Today the addition of a
two-digit number and a two-digit pnumber and nultiplization of a
two-digit number by a one-digit number may be required to be
done mentally,

Professor Shimada, I found your paper and your perspective
on the historical development of mathematics education in Japan
very interesting., I have a couple of questions that are
related, so I'll give them both at the same time. Is the use
of the calculator encouraged in the elementary grades? And
what role does the calculator play in problem solving in Japan?

Usually the calculator is not widely used in elementary
school teaching. But one of my colleagues sgtudied 1its
potential to enrich mathematical learning in the elementary
school. To enrich means to use it in problem selving, If the
use of the calculator is allowed in classroous, then students

would be able to concentrate on the way to find the solution
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Sawada:

Becker:

Shimada:

and expressing it 1in a horizontal form of expfession. This
approach would allow students to cover more exercises on
problem éolving in a given time than otherwise, because
computation is done on the calculator. My colleague reported
on his research in the Regional Conference on Mathematical
Education held in Tokyo a few years ago.

In the results of IEA study, concerning the use of the
calculator in Japan, almost none of the teachers used
calculators in their mathematics classrooms, in both the junior
and senior secondary schools.

Professor Shimada, when you made reference to doing mental
computation, multiplying a two-digit number by a one-digit
number and adding two two-digit numbers, do you mean mental
comput2tion using the Soroban or without the use of a Soroban?

As far as I know, the algorithm for mental computation is
somewhat different from that used on the Soroban. But thosge
who are competent in using the Soroban may do it in a “"mental”
Soroban - they use an image of the Soroban mentally,

But in classroom teaching, mental computation is carried
out in another way. For example, to compute 25 + 37, pupils
process it as follows:

1) twenty five and thirty is fifty five.

2) fifty five and seven is sixty two.

We call this method "from-head-to-tail,” or "from highest place
to unit place” method. Paper-pencil computation is carried out
in an opposite direction, that 1s to say, In "from
tail-to-head” or "from unit place to highest place” method.
Numbers are spoken and read from-head-to-tail, and so the
from~head-to-tail method 1s more natural thau the reversed way.

34 x 4 18 done in the following way. Thirty by four is one
hundred and twenty. Four by four 1s gixteen. So it 18 one
hundred and thirty six. Also in this case, the process gtarts
from the highest place.

In using the Soroban, the same procedure ig adopted wholey
in addition and partially in multiplication, while attention to

3¢
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Becker:

Shimada:

Clarkson:

Shimada:

place value uust be paid only to its relative value to the next
one, but not to its absolute value, as in mental computation.
Furthermore, the use of the Soroban requires mastering the
decomposition of 5, together with that of 10.

So, the three methods of computation - paper-pencil,
mental, and soroban - are different from each other in the way
of processing informatica. This 1is the reason why mastery of
all three methods was thought too demanding for average
students and emphasis on mental computation has consequently
decreased since 1945.

How about an example of multiplying a two-digit number by 2
two-digit number mentally?

This is beyond the requirements, and is not included in our
programs.

College sgtudents in the United States must relearn
computation and problem solving when they are adults because
they have either forgotten or they never really understood it
to begin with. I7d 1ike to ask two questions: first of all,
do you see the sgame problem in Japan? Secondly, what is the
role of review from year-to-year in the Japanese mathematics
curriculum? )

For the first question: It depends on the faculty of the
university. In most Japanese universities, students must
decide what or what kind of faculty (program of study) they
want to enter before they apply for the entrance examination.
In the faculties of literature, humanities, or others you may
find those students who are very incompetent in mathematical
problem solving or computation. RBut in the faculties of
science, medicine, engineering, economics, or others you may
not, because students must pass some kind of mathematics
examination.

For the second question: in the official curriculum no
reference is made to review of the previous work. It 1is left

completely to teachers” judgment. Usually teachers assign some

. amount of homework regularly for the review. Usually they
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Nohda:
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Miwa:

Silver:

emphasize review rather tnan preview. According to the results
of the First IEA Mathematics Study, the amount of homework in
terms of needed time for Japanese students was larger than
those for other countries.

Unfortunately, our time 1s up. This concludes the
discussion of Professor Shimada“s paper. Before we close the
opening session, however, Professor Nohda would like to make a
preegentation.

In appreciation for inviting the Japanese participants to
this Seminar, we would 1like to present a small gift to each of
our American colleagues. I will give Professor Becker the
gifts, and Professor Becker can distribute them to each of you.

Frofessor WNonda, we thank you and all the members of the
Japanese delegation for these nice gifts, which everyone has
now discovered are calculators. This 18 a very nice gesture
and we appreciate it very much. For each of us, the calculator
will be very useful and a constant reminder of these days

together with Japanese colleagues.

vofesgor Silver“s Paper

We are now starting the next part of Session 1. The
speaker 1s Professor Edward Silver. He is very well known in
the matnematics educatior community as is his excellent work in
mathematies education. It 18 not necess: to say more so I
present Professor Silver.

I am grateful for that introduction and for the gift of the
calculator. It 1s a great personal honor for me to be *he
opening speaker for the U.S. delegation. Now I will go to my

paper.
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RESEARCH ON MATHEMATICAL PROBLEM SOLVING
IN THE UNITED STATES OF AMERICA:
SOME RECENT TRENDS

Edward A. Silver
Center for Research in Mathematics & Science Education
and
Department of Mathematical Sciences
San Diego State University

This paper discusses the current gtate of research on mathematical
problem solving 1in the United States, focussing particularly on some
recent trends. Since this paper will necessarily be brief, I would
suggest that the reader interested in more information could also consult

any of a number of books that have been recently published in the United

_States, each of which deals more comprehensively with current theoretical

and research perspectives on mathematical problem solvin= (e.g., Davis,
1984; Schoenfeld, 1985; Silver, 1985),

THE CURRENT STATE: BACKGROUND

It has been said that "problem solving is the 'new mathematics' of
the 19808.”" In much the same way that the "new math" captured the
attention of z cross-section of American soclety, including not only the
educational community but also the wider society as well, “problem
solving” has become widely accepted as a topic of d1importance for
mathematics education,

There are many indicators_ of widespread generai interest in
mathematical problem solving. Various professional societies have
proclaimed the importance of problem solving as one of the basic goals
for mathematics education, For example, the National Council of
Supervisors of Mathematics (1978), in its position paper on basic skills,
declared that "learning to solve problems is the principal reason for

studying mathematics.” Two years later, the National Council of Teachers
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of Mathematics (1950) declared that problem solving should be the "focus

of school mathematics in the 1980s8."
Problem solving is a nearly ubiquitous topic on the agenda of local,
state, regional, and national conferences of mathematics teachers. The

popular journals for mathematics teachers, such as the Arithmetic Teacher

and the Mathematics Teacher, regularly feature articles, and sometimes

entire issues, on problem solving. Conferences of researchers, such as
the annual meeting of the American Educational Research Association and
the Research Pre-Session to the annual meeting of the National Council of
Teachers of Mathematies, have also deévoted many sessions to problem
solving on a regular basis throughout the 1980s.

The interest in problem solving is also evident in the textbooks that
are currently being yroduced in the United States, especially at the
elementacy school level. Problem solving is now highlighted in both the
student's text and teacher's edition. Moreover, the textbook authors'
explicit attention to the development of problem-solving activities for
the students 1s often featured in the advertising that is done for the
‘textbook ‘series; It is-true that there are some textbook authors (e.g.,
Saxon, 1985) who have been very successful without including problem
solving as a focus of their textbooks, but the general trend is clearly
towards the widespread inclusion of problem-solving activities throughout
an entire elementary school series and, to a somewhat lesser extent, also
in the core courses at the secondary school level (e.g., General
Mathematics, Elementary Algebra, Plane Geometry).

Problem solving has also become a dominant topic in textbooks written
for prospective teachers of mathematics, especially for those preparing
to teach at the elementary sgchool level. For prospective secondary
school teachers, many universities have designed special courses dealing
with problem solving. Furthermore, the emphasis on problem golving 1is
not limited to preservice education; it is a common topic of dinservice
institutes as well.

The 1interest in problzm solving as a goal in mathematics education
also spreads beyond nazvow professional interests. Several governmental
commigsions studying the current state of education in the United States

have issued pronouncements that include calls for greater attention to
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problem solving. For example, the National Science Board Commission on
Precollege Education in Mathematics, Science, and Techrology asserted in
its recent report (1983) that:

"Analysis  of current student performance in mathematics -
particularli the use of mathematical skills in unfamiliar
areas — indicates that they are learning to be technicians
but not problem solvers. Opggrtunities should be provided
for the application of arithmetic and mathematics in a
variety of areas =~ in the natural_ and social sciences, in
consumer-relsted experiences and in other real-iife

situationg where analysis through mathematics is possible.”
(ppo 42"43) *

Although there are undoubtedly many 1in our society for whom mathematics
is synonymous with arithmetic computation and algebraic symboligm, it is
clear that awareness of the importance of problem-solving competence as a
higher-level goal of mathematics education is now evident to a great
extent.

The above treatment of the current state of interest in mathematical
problem golving in the United States was quite brief. Many of these
issues are dealt with more extensively in other papers prepared for this

conference, especially in the excellent paper by Wilson.

THE CURRENT STATE: MULTIPLE MEANINGS

Given the widespread interest in problem solving, many suggestions
have been made about how problem solving might be 4incorporated as a
fundamental goal of mathematics education. The popular pedagogical
litercture is filled with articles suggesting "innovative" approaches to
the teaching of problem solving. The careful reader of this 1iterature
will note that there is no general agreement about the meaning of the
term "problem solving." In fact, it 1s not at all uausual to find that
two authors may propose apparently inconsistent approaches because they
have very differeut conceptions about the nature of mathematical problem
solving.
For gsome authors, the domain of mathematical problem solviag consists
solely of standard textbook story problems (e.g., "John has 3 cartons of
soda, each of which contains 6 bottles. How many bottles does he

have?"). Other authors call standard story problems "exercises," because
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of their woutine nature, and reserve the term "problem™ for 1less routine
tasks (e.g., "If there are 10 people at a party and each person sghakes
hands once \ith everyone else at the party, how many handshakes will
there be?"). This latter nonrsutine problem may require students to do
something other than simply apply a well-learned algorithm or procedure.
Of course, some authors are willing to include both kinds of tasks as
problems in their definitions.

There are other distinctions and differences of opinior that are
fairly common in the literature. For example, some authors may treat
logical puzzles and games as mathematical problems, whereas other authors
would exclude these tasks from their definitions, perhaps because they do
not involve any numerical calculation. And debates over “applied”
problems, whose content is primarily in some field other than mathematics
(e.g., physics) or in "resl-life"” situations (e.g., How much wzllpaper is
needed to decorate this room?), and their relation to standard textbook
problems are not at all uncommon.

As one might expect, confusion about the meaning of the term "problem
solving” is closely related to confusion about the nature of problem
golving as a goal of mathematics education. For some, the goal is to
help children learn to solve standard textbook story problems
successfully; for others, the goal 1s to endow students with powerful
general problem-solving strategies that could be applied across many
mathematics problems, I think it is correct to say that, at this time of
widespread interest in the Urlted States, there is general agreement
neither about the general meaning of the term "problem solving” nor of
its meaning as a goal of mathematics education. What 18 somewhat
clearer, however, is the set of data that has been obtained from national

and sgtate assessments concerning the problem-solving competence of

American students.




THE CURRENT STATE: ASSESSMENT RESULTS

Despite the generally accepted importance of problem solving, it is
clear from the results of the National Assessment of Educational Progress
(NAEP) and most state mathematics assessments (e.g8., California
Assessment Program, 1985) that many students are not always capable of
solving relatively straightforward mathematics problems, and most
students fail to solve somewhat complex problems., 0On virtually all
nathematics assessments, problem solving is the area in which performance
is the poorest., The problem-solving success that students generally do
have is in the area of solving routine one-step word problems guch as
those found in typical textbooks. On the other hand, there is a marked
decline in student performance on problems thet require gome analysis or
nonstandard application 6f knowledge or skills.

In general, the assessment results suggest that the majority of
students at all age 1eve18 have difficulty with any nonroutine problem
that requires some analysis or thinking, Students do not carefuily
analyze the problems they are asked to solve, and they have ‘not learned
basic problem-solving skills. The errors made on many of the problems
suggest that students generally attempt to apply mechanically some
mathematical calculation to whatever numbers are given in a problem,
without regard for the relationship of either the given numbers or the
resulting answers to the problem situation, This apparent 1lack of
student understanding in problem solving was evident in performance on
several NAEP exercises, for which students gave answers suggesting that
they had routinely performed correct calculations without analyzing the
problems sufficiently to determine the required information.

Since the NAEP data have been discussed extensively elsewhere (e.g.,
Carpenter, Lindquist, Matthews, & Silver, 1983; National Assessment of
Educational Progress, 1983), I will not repeat that discussion here,
Therefore, we will consider only one well~publicized NAEP example given
to 13-year-olds:

"An army bus holds 36 soldiers. If 1,128 soldiers are being
bused to their training sight, how many buses are needed?"”
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About 70% of the students performed the correct calculation, but about

297 gave the exact quotient (including the remainder) and another 182
ignored the remainder. These answers may reveal a failure to understand
the problem situation and the nature of the unknown. Those who responded
with the exact quotient disregarded the need for a whole number of buses,
and those whose response ignored the remainder failed to provide
trensportation for all tie soldiers. A similar problem, with sgimilar
performance results, has been given to sixth— and eighth~grade students
on the California Assessment Program. Silver (1986) has provided an
extensive discussion of this item and related research into the causes of
the poor student performance.

These results, together with the findings on problems concerning
migsing or extraneous data, suggest that even when students are
successful, they may not understand the problems they solve. Since most
of the routine verbal problems presented in elementary textbooks can be
solved by mechanically applying computational algorithms, there is no
need to understand the problem situation; nor 1s there any reason to
consider why a particular computation i1is appropriate, or whetk:r an
answer 1s reasonable. Howaver, when students are given nonroutine
problems in which these and other considerations are important, their

performance declines considerably.

THE CURRENT STATE: RESEARCH TRENDS

Almcst 20 years ago, Xilpatrick (1969) reviewed the literature on
mathematical problem solving and concluded that "problem solving is not
being systematically investigated by mathematics educators” (p. 523). In
the past two decades, the situation has changed dramatically. During
this time, there has been 2 considerable amount of research dealing with
the nature of mathematical problem-solving performance. Much of the
research has been conducted by cognitive psychologists, seeking to
develop or validate theories of human learning and problem solving, and
by mathematics educators, seeking to understand the nature of the

interaction between students and the mathematical subject matter that
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they study. Moreover, the werk tends tc be much more systematic than
that reviewed by Kilpatrick in 1969.

The remainder of this paper consists of a discussion of other
comparisons between the state of research on mathematical problem
solving, as portrayed ir Kilpatrick's review, and the current state as I
view it. In particular, some curreﬂl theoretical emphases,

methodological approaches, and research themes will be discussed.

THEORETICAL EMPHASES

In his review, Kilpatrick (1969) decried the fact that few studies
had an explicit theoretical rationale or built on previous research, but
he noted signs of increased interest on the part of mathematics educators
in psychological theory and research related to higher-order cognitive
processes. Kilpatrick's perception of an emerging trend was apparently
correct, for the current gituation is quite different from the one he
revieved in 1969. The influence of modern cognitive psychology on
current problem-solving research has been substantial.

In the United States, most current research on mathematical problem
solving is based on cognitive psychology. 1In this paper, we can only
consider a very brief account of modern cognitive theory. More complete
treatments can be found in Frederickson (1985), Schoenfeld (1985), and
Silver (1987).

Modern cognitive theories typically rest on assumptions about memory

and informatlon processing. Memory 418 typically conceived of as
consisting of a short-term or working memory (WM) and a long~term memory
(LTM). Working memory contains the information that 1is actively being
used at any given time. Information can be stored in LTM only after
being processed in WM, and it can be used in thinking only after being
retrieved from LTM and placed in WM. Thus, the cognitive activity callad
"information processing” consists of controlling the flow of information
into and out of WM by processes such as receiving information from the
sensory buffer and retrieving information from LTM; recognizing,

comparing, and manipulating symbols in WM; and storing informa.ion in




‘

LTM. As the term "information processing” implies, cognitive theories
have been heavily influenced by computer metaphors.

According to cognitive theory, the 1limitations that are imposed by
the limitations on the capacity of WM (generally agreed to be 7 + 2
items) are substantial and have dramatic consequences., Much of cognitive
research consists of the examination of consequences of the hypothesized
iimitations on human information-processing capacity, and on strategies
for overcoming the limitations, such as "chunking" and automatic
processing.

A second contemporary theoretical thrust is the assumption that human
learning is largely a “constructive” process. One of the fundamental
assumptions of recent research on mathematics learning and problem
solving is that new knowledge is in large part constructed by the
learner. According to this view, learners do not simply add new
information to their store of knowledge; instead they integrate new
information into already established knowledge structures and build new
relationships among those structures. This process of building new
relationships is essential to learning. The recent versions of
congtructivism are largely compatible with earlier vé;sions, such as
Piaget's theories of human learning, although the terminology is somewliat
different,

One of the consequences of a constructivist view of learning and
problem solving is that systematic errors or "bugs" can occur. Another
consequence is that constructed knowledge, especially in the form of
"misconceptions” about phenomena, can be quite resigtant to instruction,
Each of these constructivist consequences has been the subject of
research attention in recent years. For example, Brown and his
colleagues (Br>wn & Burton, 1978; Brown & van Lehn, 1980) have
extensively studied the "bugs" that arise in children's learning of the
subtraction'algorithm in elementary school. Mathematical misconceptions,
especially in statistics and probability, have also been studied (c.f.,
Shaughnessy, 1985),
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METHODOLOGICAL APPROACHES

In 1969, Kilpatrick noted that most studies of problem golving were
either "one-shot comparisons of i1ll-defined ‘methods'" or “laboratory
studies of arbitrary, highly artificial problems.” Given the 1limited
state of our knowledge about mathematical problem solving, he argued that
researchers might be well-advised to consider clinical studies of
individual subjects. Hi, advice was apparently heeded, because
contemporary research has heavily emphasized clinical approaches and, to
a somewhat lesser extent, case studies of individuals, Moreover,
"one-shot"” comparison studies have completely disappeared, and highly
artificial problems have been almost completely eliminated from the
serious research literaturs on mathematieal problem solving.

Recent research has typically invoived problem tasks that are drawn
from actual textbooks, or realistic problems from students' lives, or
problems that are nonstandard but appropriately related to the
M. hematics that students have studied. Explicit atteation is given to
the knowledge that =2 person would need to know in order to solve the
problem, task and the processes used by the solver,

The most popular technique for studying the processes used in
mathematical problem sgolving has been the "talk aloud” clinical
interview. This technique, ploneered by Gestalt psychologists in the
1930s and 1940s (e.g., Duncker, 1945), has been widely used to study both
the cognitive and metacognitive aspects of problem-solving episodes.

Another current approach, popularized by some cognitive psychologists
has involved the development of computer simulations of probiem solving.
For example, Larkin (1980) developed a program called ABLE, which learned
to solve increasingly complex (though fairly elementary) physics problems
by using its problem-solving experiences to augment its gtore of
knowledge. ABLE's knowledge consisted of "pr¢ uctions” ‘condition-action
pairs). It utilized this knowledge to solve problems by matching the
condition part of a production with the contents of its working memory,
Beginning with a version of the program called "Barely ABLE,"” it learned
to improve its performance by acquiring new productions as a result of

its problem-solving experiences with representative problems. Larkin's
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‘simulations of novices (Barely ABLE) and experts (ABLE) were quite

gimilar in many respects to the behavior of human problem solvers.
A somevhat different computer-based approach has involved the
construr  on of “inteliigent tutors” (c.f., Anderson, 1982) that provide

problem-selving d4wstruction, The tutorial interaction between the

" lesrnmer and the computer tutor provides a rich data source for research

into the nature of and requirements for mathematical problem solving,

CURRENT THEM1S

Kilpatrick (1969) organized his discussion around five categories:
problem—~solving ability, probvlem—selving  tagka: problem—solving
processes, instructional programs, snd tsacher influencas, These
categories vary in the extent to which they are é&'reésé& in current
research. For example, cla 1ical research on problem-asclving tasks and
the characteristics that contribute to task difficulty - with an. emphasis
on linear regressicn models for predicting task difficulty - has given
way to a detailed consideration of the ways in which task chsracteristics
interact with individual cognitive functioning. Similarly, in the study
of problem-sclving ability, the widespread use of factor analytic
approaches and the treatment of problem-soiving ability as a (nearly)
unitary phenomenon have been replaced by clinical studies of the nature
of problem~solving expertise, with a heavy emphasis on the study of
procesges,

In this portion of the paper, we will consider two major areas of
current researcn snd the themes associated with each area. The first is

problem=-solving expertise and the second is problsm-solving instruction.

PROBLEM~SOLVING EXPERTISE

The discussion of problem-solving expertise is ovganized around five
themes which have been dominant in much of the recent cognitive research.
The themes of pattern recognition, Tepresentation, understanding, memory

schemas, and metz-processes 27¥s esch digcugded in ture..




Pattera Recognition

In a classic study, deGroot (1955) asked chess experts (grandmasters
and masters) and novices (ordinary chess players) to reproduce the
position of the pieces on a caess board. The pieces were either arranged
in a mid-game position or randomly arranged on the board. For the
nid-game positions, the experts were -able to reproduce the positions éf
the 20 or 25 pieces almost without error, while ordinary players cculd

place only a half-dozen pieces correctly. For the random arrangements,

only about 6 pieces were correctly placed both by masters and ordinary
players.

Chess experts' ability to recognize patterns of related pleces on the
bosrd almost instantaneouely and to use these patterns rather than the
positions of individual pieces in processing information, is consisteat
with the findings of other research on expert knowledge in complex task
domains. Skilled medical diagnosis may also involve pattern-recognition
skills. In one study (Norman, Jscoby, Feightrer, & Campbell, 1979),
written case historiles were presented to doctors with varying levels of
experience and training (practicing physicians, third-year residents,
first-year residents, and second-year medical students). The subjects
were asked to read each case histery and then write out as much of it as
they could remember, For the histories baszd on common digeases,
experienced physicians recalled the most details, followed by the other
groupe in descending order ~f eﬁperience and training. For the histories
that contained findings not suggestive of any disease, there was 1little
difference among the groups. Skilled diagnosis appavently 1involves
perceiving patterns of signs sand symptoms that correspond to disease
entities.

Davis (1984) has argued that much cof mathematical expertise is also
captured in the recognition of patierns. Davis and his colleagues
(Davis, Jockusch, & McRnight, 1978:; Davis & McKnight, 1979) have
identified a number of characteristics of sxilled algebraic task
performance that are pattern-based. Davis (1984) has also supplied

examples from calculus problem solving, in which appropriate
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problem-solving techniques are "triggered" by certain perceptual features
of the problem task.

Although pattern recognition, pattern finding, pattern generation,
pattern extension, and other pattern-related processes appear tn be quite
important components of mathematical activity, the processes have not
been extensively studied in mathematical contexts. The careful study of
these processes might be one interesting component of a cross—cultural

rathematics education research agenda.

Representation

Many current thecries describe problem solving as a process of
building successively richer and more refined problem representations.
The solver begins with an {nitial representation, then gradually
elaborates and refines it until he or she obtains a final problem
represeutation that 1s adequate for the solution. Lesh (1985) proposes
an alternative view, in which the proble. solver builds and then abandons
unstable representational models of the problem until reaching a stabie
model. In either view, problem represuntations are central to the
probler—solving process. Consequently, investigators have looked at the
representations formed by successful problem soivers to see if they are
in any way different from those formed by less successful solvers.

Larkin (1980) studied the problem solving of experts and novices in
the area of physics. She noted that experts frequently formed
qualitative representations of the problems before attempting any
quantitative analyses. They often mentally replaced the original problem
with an abstracted version that retained its general structure and
features and then used this idealized representation as a guide in
solving the original problem. 1In contrast to the expert behavior,
novices usually initiated quantitative analyses even when their problem
representations were inadequate and insufficiently constrained to suggest
the correct procedures.,

Clement (1983) has noted that experts in mathematices and some
srientific domains engage in metaphorical processes a8 they ccastruct

problem representations: that 1s, they 1look for analogies between the

44

62




problem at hand and other situations with which they are familiar, and
they use these analogies to suggest possible representations of the
problem to be solved. Clement notes that these analogies often take the
form of mental images.

Representations play an esgential role in the problem solver's
understanding of the problem and in the recognition of relationships with
other problems. Students who build similar representatiors for
mathematically related problems are far more likely to notice their
similarity and to use the xelationship about one problem in golving the
other. Conversely, the similarity betwen mathematics problems with
isomorphic vepresentations can go unnoticed 1f the solver does not
represeit the two problems in similar ways,

The importance of problem representations is evident even in work
with very young children. Researchers who have studied young children's
solations of addition and subtraction problems are virtually unanimous in
their agrecement that the major factor in attaining problem-solving skill
in that domain 1s the development of problem representation gkills
(Briars & Larkin, 1984; Riley, Greeno, & Heller, 1983),

Representations play a fundamental role in the current theoretical
formulations of human problem solving, From a cross-cultural
perspective, it might' be interesting to study the representations
utilized by students from different cultural and educational systems as
they try to solve a set of common mathematics problems, Such a study
might give us some fundamental insights regarding the extent to which
representation systems for mathematics problems are inherent 1in the

problems or are a function of experiential and cultural factors.

Understanding

As. Brownell (1942) observed, "Skill 1in problem solving is partly a
matter of technique and partly a matter of meanings and understanding"”
(p. 439). The role of understanding in problem solving has also been
emphasized by Pelya (1957), for whom the first phase of problem solving
wag "understanding the problem."
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In recent years, a growing body of research on problem solving has

focused on children's solutions of simple addition and subtraction word
problems (Carpenter, Moser, & Romberg, 1982; Riley et.al. 1983).
Carpenter (1985) provides an excellent summary of this research and its
relationship to other research on mathematical problem solving.

One of the most interesting aspects of the work on young children's
problem solving 18 the finding that, even before they had received formal
instruction in arithmetic, almost all children were able to solve some
simple word problems using appropriate modeling and counting procedures
(Carpenter, Hiebert, & Moser, 1979). However, after receiving formal
instruction, students no longer exhibited a rich variety of approaches
and were less apt to develop a solution that modeled the given problem.
After imstruction, students were very likely to write number sentences to
represent the problem, but they were generally unable to relate the
number sentence to other solutions that cculd be formed by modeling or
counting (DeCorte & Verschaffel, 1983). 1In other words, the child's
mathematical representation of the problem was uuvelated to the child’s
semantic representation of the prob. ..

The analysis of successful children's solution processes suggests
that they attend to the semantics of the problem situation: that is, they
succeed because they have an adequate understanding of the problem
situation. As Carpenter (1985) has noted:

Even before they have received irstruction i1in formal
arithmetic, almost all children exhibit reasonably
Solving simple word probions..  Thby attend to. the conteat of
the problem; they model the problem; they invent more
efficient procedures for computing the answer. Given the
limits of their mathematical knowledge, this performance is
remarkable. (p. 37)
This finding is conslstent with other research on problem solving (e.g.,
Paige & Simon, 1966). It is striking that many of these same children
will no longer attend to the semantics of the problem after receiving
mathematics instruction 1in school; they prefer 1instead to choose an
arithmetical operation on the basis of the problem's surface features,
Successful problem solvers are able to build sophisticated

representations for more complex problems, and they are able to connect

46




their mathematical representations with thelr understanding of the
problem situation. Unfortunately, many students never develop this
ability, and their difficulties with problem representation and problem
understanding increase as new operations and content (e.g.,
nultiplication, fractions) are added to the curriculum. The end result
of this failure 18 too often a student whose approach to problem golving
is simply the mechanical application of arithmetic operations on the
basis of the most superficial reading of the problem, as was roted in the
earlier discussion of assessment results. As one fifth grader suggested,
when asked how he solved word problems, "You look at all the numbers in
the problem. Then you go to the rext-to-last period and read or from
there. That tells you what to do" (Lester & Garofalo, 1982, p. 10).

The importance and rolé of understanding in problem solving is likely
to be universal, yet the particular kinds of understandings or
misunderstandings associated with problematic situations might well vary
across cultures. This igsue might also form part of a cross-cultural

regearch agenda,

Memory Schemas

Simon (1980) has noted that "research on cognitive sgkills has taught
us...that there 1s no such thing as expertness without knowledge -
extensive and accessible knowledge.” Polya (1973) observed earlier that
"a well-stocked and well-organized body of knowledge 1s an asset to thn
problem solver. Good organization which renders the knowledge readily
available may be even more important than the extent of the knowledge."
As we have sgeen, information stored in LTM plays an important role in
problem-solving theories. Since the efficient retrieval of information
may depend on the way that information is organized, in LTM differences
in problem-solving success may be partly attributable to differences in
problem solvers' knowledge organization,

The notion of a memory schena (a cluster of knowledge that describes
the typical properties of the concept it represents) has recently helped
explain many aspects of human knowledge organization and recall,

especially in the area of prose text learning. In the past five years or

47

65




50, a considerable amount of research has been generated on the influence
and use of schemata. A schema is usually described as representing a
prototypical abstraction of a complex and frequently encountered concept
or phenomenon (e.g., Thorndyke & Yekovich, 1980), and it 1is usually
derived from past experience with numerous exemplars of the concept
involved. Schemata have been associated with not only interpreting and
encoding incoming information, but also with recalling previously
processed information (Thorndyke and Hayes-Roth, 1979). They can
influence the efficiency with which information is recalled from memory
(e.g8., Mandler and Johnson, 1977), Furthermore, schemata may account for
inferences made using incomplete information (e.g., Bransford, Barclay,
and Franks, 1972),

Examples of the role played by schemas in successful problem solving
come from studies that have examined the differences between relative
experts and relative novices in physics (Chi, Feltovich & Glaser, 1981;
Chi, Glaser, & Rees, 1981) and mathematics (Schoenfeld & Herrmann, 1982)
and between successful and less successful problem solvers in mathematics
(Silver, 1979). 1In the expert/novice comparisons, both groups were asked
-0 categorize problems according to similarities in solution methods.
The novices tended to sort on the basis of surface features, whereas the
experts categorized problems on the basis of the fundamental principles
involved.

Silver (1979) found that successful problem solvers were far more
likely than unsuccessful ones to relate and categorize mathematics
problems on the basis of their underlying similarities in mathematical
structure. In judging problem similarity, unsuccessful problem solvers
were more likely to rely on surface similarities in problem setting or
context or on the question asked in the problem.

In the study of algebraic problen solving, suveral investigators hava
noted the wusefulness of schema theory in providing phenomenological
explanations. For example, Hinsley, Hayes, and Simon (1977) and Mayer
(1982) have argued that routine problem-solving performance with
stereotypical algebraic word problems can be explained in t:rms of
students' schemas for the problem types. 1In particular, they concluded

not only that their subjects had schemas for standard algebra problems
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but also “hat the schemas influenced the encoding and retrieval of

information during problem solving.

Schemas are useful not only for retrieving clusters of related and
useful information, but also for shaping the representation of problems.
In research dealing with young children's ability to solve arithmetic and

skilled and less skilled performance by children has been modeled ia

terms of the development of more powerful problem schemas for
representing the problems (e.g., Riley, Greeno, & Heller, 1981; Briars &
Larkin, 1984).

From a cross—-cultural perspective, it might be productive to examine
the typical schemas that characterize the thinking of successful and
unsuccessful students 1in different countries. Since stereotypes vary
across cultures, one would expect that the schemas would also vary. Such
a study could suggest important implications for the design of

instruction in each country.

Meta-processes

subtraction story problems, for example, the differences between highly
We have already seen that the cognitive science perspective suggests
that extensive domain-specific knowledge appears to be vital to success
in problem solving. It is reasonable to ask what other kinds of
knowledge are involved 1in skillful problem solving. Several cognitive I
researchers interested in mathematical problem solving (e.g., Garofalo &
Lester, 1985; Schoenfeld, 1985; Silver, 1985) have argued for increased
attention to metacognitive aspects of the problem-solving process. These
processes ~ such as initial agsessments of personal competence or protlem
difficulty or managerial decisions regarding allocation of cognitive
resources —~ often appear to be the "driving forces" of a problem solution
episode. According to Flavell (1979), metacognitiou refers to one's
knoﬁledge of one's own cognitive processes and products, and of the
cognition of others. It also refers to the self-monitoring, regulationm,
and evaluation of cognitive activity.
Metacognition 18 not a new construct; provision for metacognitive

functioning has been made in most information-processing models of
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cognition. Atkinson and Shiffrin (1968) used the term "control
processes” to identify certain voluntary and strategic behaviors that
help one remember like rehearsing a telephone number or tying a string
around one's finger. Butterfield and Belmont (1975° posited the
existence of an "executive function” that selects appropriate "control
processes” on the basis of task and environmental constraints.

Although many models of human information processing include
metacognitive processes, up until recently there had been relativcly
little empirical investigation of ¢hem. Schoenfeld (1985) has conducted
the most extensive inquiry into the self-regulatory control processes of
planning, -monitoring, and evaluation. He has shown that many
rroblem~solving failures can be directly linked to failures to monitor
problem~solving behavior. He has also demonstrated that students can be
taught to be more attentive to their problem~solving actions and monitor
then more effectively.

Lester and Garofalo (1982, 1985) have studied the extent to which
students are "aware" of problem-solving processes that they might use.
Their research suggests that students are largely wunaware of
problem-solving processes and that specific attention to this fgaue may
be an impcrtant component of problem-solving instruction,

Also of interest is the role that beliefs about mathematics or about
problem solving play in skillful problem solving. Although Norman (1981)
hags identified "belief systems" as one of the important issues for
cognitive gcience and although Carbonell (1981) has constructed a
mechanism that incorporates knowledge contained in belief systems (in
this case, political ideologies) into the process of formulating plans
for action, researchers working on problem solving have tended to ignore
the role of beliefs iu skillful problem solving. It seems clear that no
process model of pruplem solving in any domain can be complete without an
adequate account of the role of metacognition and belief systems.

Schoenfeld (1985) and Silver (1982) have argued that a problem
golver's mathematical beliefs may be the "driving forces" in many

problem-solving episodes. For example, beliefs that "there is always a

rule to follow in solving a mathematics problem” or that "mathematics




problems can always be solved in five minutes or less" can be powerful
mediators of problem-solving performance.

The crcss~cultural study of beliefs and attitudes regarding
mathematics would be an important component of a cross-cultural research
agenda., The Second International Mathematics Study can provide some
data, but further clinical study should be undertaken o examine in
detail the beliefs of students in different countries about mathematics,
the nature of learning mathematics, and the processes invoived in doing
mathematics. Such a study would provide important information about the
final product of the mathematics education systems in each country; such

information would complement the achievement data already available,

PROBLEM-SOLVING INSTRUCTIOW

As we noted at the outset, the teaching of probiem solving is
regarded by many as the most important and fundamental goal of school
mathematics instruction. In this portion of che paper. we consider
briefly a few of the findings directly related to the teaching of problem
solving. Cognitive theory and research suggest that problem~solving
expertise depends on extensive domain-specific knowledge; tuas, we
examine those instructional approaches that emphasize domain-gpecific
knowledge, Nevertheless, other approaches tc the enhancerent of
problem-solving shility have also heen taken, and they are considered as
well,

Domain~Specific Approaches

Marcucci (1980) examined the findings of 33 research studies
conducted 1in elementary school classrooms since 1950, Using a
statistical technique knouvn as meta-analysis, which allows for the
quantitative comparison of different studies on the game topic, Marcucci
concluded that heuristic teaching methods (those emphasizing general
heuristic problem-solving strategles and skills) were more effective than

other instructional approaches.
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Much of the recent work in this area has been greatly influenced by
the writings of the eminent mathematician George Polya (1962, 1865,
1973). Polya proposed a four-phase mndel for problem solving - (1)
understand the problem, (2) devise a plan, (3) carry out the plan, and
(4) look back - and emphacized the importance of heuristic thinking and
reasoning at each phase of his model. Although Polya's model is clearly
deficient as a description of actual problem-solving behavior, it has
been useful 1in suggesting ways to organize instruction to promote
improved problem-solving performance.

Most of the research on the teaching of general problem~solving
skills and strategies has been conducted with recondary school and
college students. For example, Kantowski (1977) demonstrated that
heuristic instruction could be very effective in enhancing the geometry
problem-solving performance of secondary school students and Goldberg
(1974/1975) found that college students could profit from heuristic
instruction,

There have been a few studies that have sghown the feasibility of
heuristic instruction with elementary school children., For example, Lee
(1978) was able to teach fourth graders to use general heuristic
strategies, such as makirg tables or drawing diagrams. Putt (1979) found
that fifth-grade students could benefit from heuristic instruction so
that they were able to use many of the strategies, they developed an
appropriate vocabulary for discussing their strategies, and they were
able to suggest many questions appropriate for understanding a problem.

Metwali's (1979) work suggests the importance of teacher-student
discussion as a mediating factor in learning from problem-solving
instruction. In fact, Metwali found that the combination of giving
students a few problems to solve and discussing the solutions in class
was more beneficial than merely giving students many problems to solve.
Other current research suggests that student-student discussion may be an
important facilitator of growth in problem-solving skills and stratezies.
Noddings and her assoc:ilates (Noddings, 1985; Noddings, Gilbert-Macmillan,
. & Leitz, 19€3) have found ‘hat having children work in cooperative gmall
groups to solve mathematics prodlems can result in significant growth in

problem-golving competence.
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As part of a cross-culturcl research agenda, it would be interesting
to examine the current practices of teaching problem solving 1in the
United States and in Japan. Polya's writings have received attention in
mathematics education throughout the world, and they have substantially
influenced the teaching of problem solving in the U.S. It would be
interesting to compaxe the approaches taken to implement the "heuristic”

approach in different countries.

Domain-Independent Approaches

There are a number of programs thut have been designed to teach
domain-independent thinking gkills that can, when mastered, be applied to
problems in any given domain. For example, two programs that comprise
part of the school curriculum in many countvries are de Bono's (1976,
1977) CoRT Thinking Program and Feuerstein's (1980) Instructional
Enrichment (IE) Program.

One of the eariiest attempte to teach children general
problem-solving strategies and skills was the Productive Think?ing Program
(PTP) designed by Covington and Crutchfield (1965). L’ke CoRT and 1IE,
PTP was aimed at developinz "mnaster thinking strategies” that could be
arplied to any content area. In research studies involving PTP, 1t was
found to be an effective progrem for (a) promoting divergent thinking,
originality, and perceptions of the value of prcblem solving for fifth-
and sixth-grade students (Covington & Crutchfield, 1965), (b) improving
the divergent thinking and problem-solving performance of fifth~grade
students (Olton, Wardrop, Covington, Goodwin, Crutchfield, Klausmeier, &
Ronda, 1967), and (c) developing verbal creativity and problem-solving
skills in children in Grades 4-7 (Treffinger, 1969). However, attempts
to show "transfer” of training from the predominantly verbal PTP to the
domain of mathematics were generally unsuccessful (Jerman, 1971;
Treffinger, 12.9).

In general, the research related to general thinking-skills programs

appears to suggest that the programs can be successful in improving

student performance only on tasks that require limited domain-specific
knowledge (e.g., Whimbey & Lochhead, 1984), Since mathematical tasks




typically require extensive domain-specific knowledge, improvements
induced by general thinking~skills programs appear to have 1little

specific effect on matrhematicsl problem-solving performance.

CURRENT STATE: EMERGING THEMES

This paper concludes with the brief mention of three themes ~ affect,
assessment, and technology — that I believe will emerge as important
future trends in research on mathematical problem solving. Although they
are not dealt with in much detall here, I expect them to become dominant
research emphases during the next five to ten years. Since they are all
themes that bear heavily on the school context in which mathematics
education occurs, some aspects of these themes are discussed more fully

in other papers prepared for this coaference.

AFFECTIVE FACTORS

There 1s general agreement that affective factors, such as
motivation, Interest, self-confidence, anxiety, and perseverance, play an
impertant role in problem solving., Yet we have 1little conclusive
information about thelr infiuence on mathematics performance in general
or on problem solving iIn particul=zr. In a recent review of research on
rathematical problem solving, Lester (1980) indicated that, “after a
careful review of the literature on problem solving and a year of
observing over 700 intermediate~grade childremn solving problems, the
staff of the Mathematical Problem Solving Project (MPSP) decided that
willingness, perseverance and self-confidence were three of the most
important influences on problem-solving perf~rmance...However, the MPSP
was unable to develop an attitude instrument to measure adequately the
extent to which these three factors changed over time, even though the
staff and classroom teachers were confident that very definite changes
had occurred” (p. 299).

As Lester noted, ‘the lack of information about affective factors is

due, in part, to the difficulty of designing instruments that can
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reliably measure these factors, Nevertheless, it may algo be that our
"cognitive blinders” have not allowed us to examine these affective
factors when they have appeared in our research.

Degpite the shortcomings of previous research in this area, there now
appears to be considerable enthugsiasm in the research community for
studying the affective influences on problem-solving performance, For
example, McLeod (1985) has suggested the development of a theoretical
framework for the study of individual problem-solving episedes that would
incorporate hoth cognitive and affective factors, and he is currently

engaged in that project.

ASSESSMENT

Given the widespread interest in improving the problem-solving
performance of precollege students, it ig natural to ask how the
improvement will be demonstrated. Standardized tests are widely used in
American education to provide measuresg of educational improvement and
change, Unfortunately, current standardized tests favor students who
have a large store of fazts, definitions, and routine skills, and the
tests do little to assess students' abilities to uge that knowledge to
solve problems (California Mathematics Council, 1985; Resnick, 1986).

Many programs that geek to improve the problem-solving ability of
students are hampered by the lack o€ adequate assesgsment techniques to
measure the cognitive, metacognitive, and affective changes that resgult
from the program. How can a standardized test measure a student's
improved thinking skills that may result 3a improved performance two
years hence? How can the tests measure: the increaged willingness of
students to engage mathematics problems, the increaged confidence 1in
their ability to golve them, or the feelings of increased self-worth that
result from the experiences provided in the problem-golving program?

Some ntates have included special items dealing with higher-order
thinking skills in their state testing programs. For example, California
has developed a get of i-.novative problem-gsolving items ag part of the
-California Assessment Program (1985; Pandey, 1986). These items test the

non-answer-giving agpectsg of problem solving and are written for each of
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four components of problem solving: problem formulation, problem

analysis, problem-solving strategies, and problem interpretation.

Although these items, and similar ones used by some other states, are an
improvement over the problem-solving portions of commercially published
standardized tests, they are quite limited in scope and 4o not provide
sufficient opportunity for students to engage either 1in extended
investigation or in the solution of open-ended problems.

It 1s clear that considerable work will be required in order to
produce assessment techniques that are truly sensitive to the cognitive,
metacognitive, and affective changes that may be 1involved in improved
problem~solving ability. The development of new testing approaches
should proceed from a solid research base on the aature of sgkilled
mathematical prohlem solving, it should build from and incorporate some
of the techniques used by r:searchers (e.g., situational problem—-solving
tasks, interview settings), and it should include a substantial research

component concerned with analyzing performance on the new items.

TECHNOLOGY

Despite the fact that much has been written about the impact of
technology on the mathematies curriculum and the mathematics classroom,
there has been 1little research done on the szzcific ways in which the
technology might transform mathematical thinking and problem solving.
But there are currently a few projects that are beginning to investigate
the cognitive (and perhaps metacognitive and affective) impact of
computer technology on precollege and college students.

Computers can have a substantial impact on the study of mathematical
problem solving because they can provide new problem—solving environments
(such as microworlds), they can enhance a person's problem-solving
capabilities through the availability of software "tools,” and they can
augment a learner's cognitive capacity by simultaneously displaying
graphical, numerical, and other symbolic representations, These features
should all be important topics for future research on problem solving.

There are other technologies, such as video and video-disk, which may

ulso significantly alter the fundamentsl character of mathematics
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education. The possibility of presenting large amounts of informatirs to
students in the form of dynamic visual images could substantially alter
-the nature of mathematics learning as we now know it as & product of
static text-based presentations.

The impact of techmology on school environments in the next two
decades ig not clear, but it may be substantial. As we prepare for
nmathematics education in the t¢-nty-first centurjrs it 18 not at all clear
that most of vhat we know about human problem-soiving performance on
paper-and-pencil tasks will hold true in technologically enhanced

environments. A substantial research agenda needs to ba set.

CODA

As we have seen, recent «<(rends in research on mathematical problem
solving in the United States have involved the examination of individual
student knowledge and performance in detail, to attend to individual
differences within groups of mathematical problem solvers, and to use
qualitative and clinical methodologies. These tendencies have not been
ag evident in Japanese research on mathematical problem solving, which
has tended to focus on group rather than individual performance.
Clearly, much work lies ahead in establishing a common set of questions
and procedures for cross-cultural gtudics of mathematicel problen

solving, but the rewards will surely make the effort worthwhile.
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Miva:

Discugsion of Professor Silver's Paper

Thank you, Professor Silver. 1In a very limited time, you
have covered a great deal of content. Now we will have

‘discussion,

Hashimoto: I have three questions. I understand there are many

Silver:

Clarkson:

meanings of problem solving. My first question is what do you
think of problem solving, problem making or problem posing?

Regarding the question of problem posing, problem making,
and problem formulation, that general topic 1s one that is
largely unresearched in the United States. It is a topic which
has been discussed at many meetings and discussed in many ways
in articles, but the questions of where do problems come from,
whe” is a problem your problem, when is it my problem, and when
is it our problem are central questions to understanding
performance in this area that have have not been carefully
examined. There is a recent paper that Jeremy Kilpatrick wrote
on this topic of problem formulation. 1In it be reviews only a
very little researc* that he could identify that deals directly
with that area. There 18 in the history of mathematics
certainly some information about where problems come from, the
importance of metaphor, imagery, and so on, but there is very
little research on two fundamental issues: one is how students
generate problems of their own and secondly, and maybe more
importantly, how we transfer ownership of the problem from the
teacher and the curriculum developer to the student so that it
becomes the student's problem. That's only question one. Do
you have question two?

Although there is not much research available on problem
posing, one of the things that we will see in the new textbooks
that are Just being published this year in the United States is
that most of them contain geveral different sgections that
relate to this question, In some sections there is simply a
story or a situation that is get up and students are then
encouraged to make up their own problems or to determine whose
problem is being presented. Many kinds of data are given and
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the students are encouraged to ask a question that they can
solve with this data. Diff - « real-life problem situations
are also given and the +, ~oive them as a class or small
group. These are deing Inc.wded 1in almost o1l of the new
textbook series that are bedng published, :

Hashimoto: My second question -~ Di, Silver has said that there has
been more than 10 years of collaborastion between psychologists
and mathematics educators. My gquestion has to do with the role
of mathematics education researchers. What do you think of
their role?

Silver: The process has been, I think, a process of mufual
education which has occurred through various conferenccs and
seminars that have been held. 1In genefal, we are now at the
point where there are some psychologists and some mathematics
educators who can talk to each other and have a common language
through which to communicate fairly clearly. I still think
that, in general though, the iwathematics education community
and the psychology community in the United States do not view
problems in the same way. The mathematics education community
tends to view, and give obviously much more importance to the
mathematice that is being dealt with in the particular getting
that 1s being discussed, whereas the psychologists tend to use
mathematics as only an area in which to study human thinking.
Yet there has developed a group in which there seems to be more
interchange - the psychologists have begun to pay more
attention to the mathematics and the mathematics _ducators have
begun to pay more attention to the psychology. The inf’uence
is more on each individual's work than on largr scale
cooperative projects, It's more that individuals have been
influenced by individuals outside their field than that there
have been teams of math education and psychology people working
together,
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Hashimoto:

Silver:

Nohda:

{¥lver:

My 1last question 1g about problem solving expertise,

Professor Silver pointed out five areas. I think in Japan
there are such situations indicating that the collaboration
between math educators and psychologists is increasing. My
third question is what do you think of these five aspects on
page 42?

There 18 a very large literature available that deals with
problem solving and these particular subtopics I used were just
convenient categories around which I could organize a large
amount of information. I think that taey capture, both 1in the
psychological 1literature and 4in the mathematics education
literature, much of what the emphasis has been. The notion of
representation is central to the work in both fields. And
whereas pattern recognition and mer - 7 schemas, for example,
have been more prevalent in the psychological literature, some
researchers in mathematics education have begun to take those
ideas and point out that many of the phenomena in which we are
interested in mathematics can also be described in terms of
those theoretical constructs. So these five were merely
convenient categcries for organizatior of the discussion,

Dr. Silver first takes pattern recognition as one of the
categories of problem solving. As far as pattern recognition
goes, I understand gomewhat what are the psychlogical studies
or psychologists' standpoints in this area, but I am not sure
what 18 the role of mathematics education researchers. Where
is this role? The second part of the question is 4n regard to
understanding in the business of double meaning, the output
understanding and this inner understanding. Fow much research
or how is research being done in the Unite2 States in this area
today?

I would iike to anewer the questions in the reverse order,
As far as the understanding is concerned, at least the contrast
could be made between internal understandings and external

understandings and there are at least those kinds of

differences. There are actually many levels of understanding,
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different kinds of understanding which are referred to in our
literature with the same term, understanding or meaning, and
actually I think there 18 a fair amount of confusion that
results from that or at 1least from imprecise use of 1language.
There are aspects of understanding that have been examined,
Including the so-called "understanding the problem."” The
statement of the problem, the conditions, the constraints that
problem impuses and the nature of the task that is at hand for
the solver ‘is one kind of understanding. Another %ind of
understanding is concerned with the relationship between the
mathematical operations that ove performs, the relationship
‘between that mathematics and the problem task itself, and the
answer and how that is to be interpreted back in the problem
gituation. And then there are understandings that are
associated with the actual performance of the task - When I
perform a certain algorithm, do I understand why I perform it
in the icular way? Do I understand why I make marks in a
certal. ,iace on the paper and what do they mean? What
understanding do these carry? So there ara all of these kinds
of understanding which are involved in the woré understanding
and ail of them have been studied to a certain extent.
However, there 1s no source that I kuow of which clearly
delineates among those different kinds of undarstanding or even
what the relationships might be among them. Concerning the
patters recognitioa question, there are many aspects of expert
behavior which appear, in mathematics, to be the result of the
solver recognizing certain patterns, patterns in the symbols,
or structural patterns in the problem task. These then
generate certain responses from the problem solver and then
this pattern recognition becomes a phenorenon of interest in
terms of stidying the way 1in whict. the knowledge that the
expert problem golver has is organized internally so that it
can be retrieved in appropriate ways at those moments wﬂen
these patterns occur. That largely is a matter of extensive
experience /n solving problems in certain task areas of
mathematics.
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Nnhda:

Senuna:

Silver:

Senuma:

Silver:

I did not hear in your presentation or see in the paper
footnotes of coi.tinuing research. If you could provide me with
bibliographical sources after the presentation, I would
appreciate it very much.

I have twn questions: Are the people working im problem
solviug today the same researchers that did much work with the
new mathematics or are they entirely d:fferent people?

Even if they are the same people, they are surely different
people now. By and 1large the people who created the new
mathemetics material and were responsible for tie generation of
that curriculum are not now involved in current resesrch in the
area of problem solving. There are some people, ' swever, who
wvere invclved in studying the effects cf the new mathematics
like Dr. Wilson, Dr. Becker, eond others from Stanford
University who are still actively invoived in studying problem
solving and whose doctoral students are still accively involved
in doing current research in the area of problem solving. 1In
that sense the strand still continues,

The second question is about influence of peopie 1ike
Brownell, John Dewey, and Polya in the present research in
problem solving. Do they have any influence or impact on the
work?

Yes, definitely, a very strong influence. Polya's
influence is probably the most direct and apparent. There must
be a hundred or more studies chat have been done that directly
relate t» Polya's organization for instruction in mathematical
problem solving. Those studies, in terms of actually beii,
based on Polya's writings, are becoming a little 1less frequent
now than they were 10 years ago. But the influence is clearly
there. In some sense the reseasch is now moving to the next
stage beyond the simple 1ist of heuristic vrocesses which would
be useful in studying more clearly the particular
characteristics of individuals ar1 tasks and how these

processes interact with individuals, So Polya's influence 1is
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Ighida:

Silver:
Isghida:
Silver:

Miwa:

very profoind. Regarding Brownell, Dewey and some others; the
influence 18 a little more subtle, but it is also there.

In listening to your presentation, I detect two currents of
thought, one is Polya“s way which relatas directly with pure
mathematics research and *he other is Dewey”s which relates
more to real world research. Of the two, which do you feel is
more applicable?

Are those my ounly two choices?

You could include more.

I think that we will make progress in understanding mathe-
matical provlem solving to the exvent that we attack the
questions from as men' different perspectives as we possibly
can. I think there is plenty of room for werk to proceed along
many fronts. It seems that there is a considerable amount of
interest in real world tasks, and I am perscnally interested in
how people make contact between mathematics ia scl. * settings
and mathematics in out-of-school settings. But I and most of
my colleagues in mathemtics education are also very interested
in how penple perform within the discipline of mathematics
itself and beth are quite important and there is room to

proceed in both.

This 18 now the end of discussion. Thank you.




Shimada:

Wilson:

SESSION 2

Professor Wilson's Paper

I will now introduce Professor ¥ilson. I know him very
well through the Second Internationsl Mathematics Study of IEA.
Once its meeting was held 1in Tokyo, and on that occasion I
talked with him about various aspects of mathematics education.
As you s1l know, he is an active researcher in this field, so
let's listenr to his presentation,

Let me start off with a slight correction becsuse I view
myself primarily as a practitioner of mathematics education and
this paper is written from the point of view of a practitioner.
I think I can converse about research and I have ideas of whact
research might be needed, but the topic as I saw it was one of
dealing with what my view of classroom practices are in the
United States at this time with problem solving and it 1is
written £rom my perspective as a practitioner in mathematics

education.
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CLASSROOM PRACTICE OF PROBLEM SOLVING IN U.S. CLASSROGCMS

James W. Wilson
Department of Matheuntics Education
University of Georgia

Athens, Georgia

Introducrtion

My topic, classroom practice of problem solving in mathematics in the
United States, certainly provides a broad scope of issves to address in
this paper ¢ 1 a freedom to select from alternatives. It would be
unrealistic and presumptrous to try to be comprehensive in thie task.
Rather, I will present a general background and give my perspective on
the diverse situations r:garding problem solving in school mathematics in
the U.S..

I have had the opporturity this year to be 1involved in several
ussignments dealing with school mathematic programs and inservice teacher
education. These hnave included 1) a comprehensive study of the
mathematics program of a large Maryland school district having over
25,000 students, 2) an accreditation teaw service for a rural Georgia
school district with 1less than 1,000 students, 3) leading a year-long
project of 19 inservice teachers in the study of problem solving in
mathematics and the implementacion of problem solving into their on-going
teaching assignments, 4) participation in tha plannling, initiation, and
instructivn for a three-year project to prepare 1leader teachers in
Tennessee to implement problem solving in their schools and to provide
assistance to peer teachers, 5) directing a national task force on
testing and evaluation in mathematics, 6) participated in the revision of
mathematics teacher certific.tion criteria for Georgia, 7) offered my
course, EMT 525/725 Problem Solving in tfathematics, four times, and 8)
supervised nine student teachers or interns during the year. Each of
these, and other actlvities, will make its way 1into the following
discussion. They provide my contzcts, along with general professional

involvement, with classroom practices in mathematics prcuvlem solving.
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Agenda for Action, etc.

The National Council of Teachers of Mathematics, with its
approximately 50,000 members, is a major voice in mathematics education.
A four-year project of the NCTM Board of Directors to prepare a statement
on school mathematics 1led to the publication of An Agenda for Action:
Recommendations for School Mathematics of the 1980s in 1980. This

document had come from discussions and wor~ from throughout the NCTM
membership. It was based on the work of several committees and surveys
in the U.S. and Canada on priorities in school mathematics.

The Agenda was presented at the NCTM Annual Meeting at Seattle in
1980, It was intended as a discussion document. Tt raised issues for
attention by the whole U.S. mathematics educstion community. The Board
of Directors called for "all interested persons and groups to join us in
a massive cooperative effort toward better mathematics education for all
youth” (NCTM, 1980, p. 11). I was a member of the Board and the Board
Committee that directed preparation of the Agenda. There was clearly a
broad base of support for the substance of the recommendations to follow,
but plenty of debate over strategies on statement. The title came late
in our discussions because we came to agree that the dozument could not
be prescriptive. Rather, it was to set en agenda for disc.ssion,
development, and growth for the coming decade.

It 1s pefhaps instructive to ask how the agenda is going now that we
are two—thirds of the way through the decade. This could be interpreted
as the task for my paper and I will give some opinion on that point.
First, however, the major rz2commendations of the Agenda should be noted.

There were eight major recommendati~ns in An Agenda for Action.

These were as follows:

1. Probiem solving must be the fucus of school wmathematirs in the
1980s.

2, The conceuvt of “asic skills in mathematics must encompass more

than computatioral facility,

3. Mathematics programs must take full advantage of the power of

calculators and computers at all grade levels.
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Stringent standards of both effectivencss and efficiency must

The success of mathematics programs and student learning must
be evaluated by a wider range of measures than conventional

testing.

More mathematics must be required for all students and a
flexible curriculum with a greater range of options should be
designed to accommodate the diverse needs of the student

population.

Mathematics teachers must demand of themselves and their

colleagues a high level of professionalism.

Public support for matnematics instructiorn must be raised to a
level commensurate with the importance of mathematical
understanding to individuals and society. (NCTM, 1980, p. 1):

Each of these major recoumendations was accompanied by a brief discussion

and a set of recommended actions. For example, the recommendad actions

for the first Agenda item were the following:

1.1

1.2

1.3

1.4

1.5

The mathematics curriculum should be organized around problem

solving.

The definition and language of problew. solving in mathematics
should be developed and expanded to include a broad range of
strategies, processes, and modes of presentation that

encompass the full potenti%I of mathematical applications.

Mathematice teachers should create classroom environments ‘in

which problem solving can flourish.

Appropriate curricular materials to teach problem solving

should be developed for all grade levels.

Mathematics programs of the 1980s should involve students in
problem solving by presenting applications at all grade

levels.
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1.6 Researchers and funding agencies should give priority in the

1980s to investiy .tions into the nature of problem solving
and to effective ways to develop problem solvers (NCTM, 1980,

pp. 2-5).

I will forgo listing the recommended actions of all of the Agenda items.
Later, I will select a few for discussion. These clearly vary 1in level
of specificity, degree of clarity, and likelihood of being implemente
Indeed, whether any particular recommendation was “clear" N
"implemented” was not an issue. The issue is whether the recommendation
has led tc the involvement of "persons and groups...in a masrive
cooperative effort toward better mathematics education” (NCTM, 1980, p.
11).

There was not much that was original or creative in An Agenda for

Action. Indeed it refiected informed judgement from throughout the

profession. It reflected compromise, It ignored some dissenting
opinions. Many important developments in the field preceded (and
followed) it.

The National Council of Supervisors of Mathematics had declared
problem solving to be a basic skill in 1977 and stated that

Learning to solve probleme is the principal reason for
studying mathematics. Problem solving is the process of
agplying previously acquired knowledge to new and unfamiliar
situations. Solving word problems in texts is one form of
problem solving but students also should be faced with
non—-textbook problerms. Problem solving stratepies involve
gosing questions, analyzin§ situations, translat ngy results,

1llustrating results, drawing diagrams, ang using trial and

error. In solvinf problems, students need to be able to apply
the rules of logic nécessary to arrive at valid conclusions’
They must be able to determine which facts are relevant. They
should be unfearful of arriving at tentative conclusions and
theg must_be willing to subject these conclusions to scrutiny.
(NCSM, 1977, p.2)

This NCSM positisn statement 18 noteworthy because it was produced at the
height of the "Back to Basics" movement. It came about as a specific
response to the report of the National Institute of Education Conference
on Basic Mathematical Skills and Learning (The Euclid Conference Report)
held in 1975 at Euclid, ohio. I am struck by an atmosphere of two
cultures (with apologies to C.P. Snow) where even though everyone was
talking about "basics” one group meant arithmetic skills and the other
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meant problem solving, applying mathematics to everyday situations,
alertness to reasonableness of results, estimation and approximation,
appropriate computational skills, gecmetry, meagurement, reading,
interpreting, and constructing graphs, tables, and charts, wusing
mathematics to predict, and computer literacy. There were a few informed
people outside of mathematics education who understood the NCSM statement
on basic skills but for the most part it was a document for those of us
on the inside.

Hawaii and Georgia issued new state curriculum guides in mathematics
in 1980 that had considerable parallel with the Agenda. Mathematics
staffs in these states were at work long before 1980 to prepare their
guides. Other instances of mathematics education activity consistent
with the Agenda (or vice versa) could be easily cited.

In England, The Committee of Inquiry Into the Teaching of Msthematics
in Schools, with W. H. Cockcroft as chairman, began its work in 1978 6;0
consider the teaching of mathematics in primary and secondary schools in
England and Wales, with particular regard to the mathematics required in
further and higher education, employment, and adult 1life generally, and
to make recommendations” (1981, p. ix). With due respect to style and
substance of the report titled Mathematics Counts, there is considerable

parallel among the problems, the recommendations, and the progress so far
in our two countries,

Perhaps the 1980s will go down i1n the history of h.s. education as
the most studied, most analyzed, and most mis-directed by national
reports and national conferences. Lee Shulman noted in 1983 that there
were 32 reports released or under preparation that had been called to his
attention. The most celebrated (infamous?) of these was A Nation at
Risk.
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A Nation at Risk

The National Commission on Excellence in Education released its
report in 1983. The specifics of this report do not need to be brought
up here, My main concern 1s to note the extensive media attention given
to this report and reactions to it. TIts strong negative rhetoric struck
a responsive chord among the public.. The report had many positive
suggestions for improving education but these lost visibility among the
critical material,

The positive aftermath of A Nation at Risk rested in the broad, new

awareness among the public of peeded improvements in education.
Mathematics and science achievement were particularly noted. There was
renewed acceptance of the importance of mathematics and science by the
public and some orientation to provide more support. The Commission's
recommendation for three years of high school mathematics for every
student was certainly consistent with NCTM's Agenda recommendations.
Additional studies and reports were issued by the Department of
Education's Office of Educational Research and lmprovement (Romberg,
1984) and the National Science Board Commission on Precollege Education
in Mathematics, Science, and Technology (NS?, 1982), the College Entrance
Examination Board (1983), and the Conference BRoard of the Mathematical
Science (1982, 1984). These reports served various purposes and had
different emphases but all gerved to raise alarm about the need for
improvement in school mathematics and all reinforced problem solving and

ugses of mathematics as important elements in improved mathematics

programs,
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Progress on tne Agenda

The Agenda has had a big effect on the profession. Problem solving
has become a major topic of discussion at professional meetings, it 1is
part of the sales pitch for every textbook publicher, and it is included
in almost everyone's goals for mathematics teaching at every 1level.
Clearly, problem solving is the buzz word of school mathematics in the
1980s. '

One of the positive features of this situation 1s that teachers
throughout the profession have become involved in thinking about problem
solving. In this sense problem solving is a grassroots phenomenon of
school mathematics. The seeds arc being planted. It remains to be seen
whether there is enough nourishment present for flowers to grow. The
school mathematics curriculum is very tarren. Many good intentions of
teachers toward problemt solving cennot be nourished into practice when
there are strong pressures brought on by testing, coverage of material,
and limited vision of what mathematics can be.

Although there has been widespread attention to scue of the Agenda
1teﬁs, some have been less visible. The improvement . mathematics
education requires attention to all of them. Iu particular, lack of
attention to finding a wider range of measures than conventional testing
to evaluate mathematics programs and student learning literally makes
problem solving instruction unlikely,

I feel that insufficient attention was given to three major
difficulties in mathematics teaching when the Agenda was being written
and subsequently. These three difficulties were 1) the effect of testing
and assessment on mathematics programs, 2) the preparation of teachers,
either preservice or inservice, to teach problem solving, and 3) the
professional atmosphere of schools.

Since 1980 the demands for evaluation and accountability have
increased. Testing 1s driving our curriculum. By the nature of its
items, the curriculum driven by testing leads to vocabulary, memorized
material, and algorithmic procedures. It tends to be a curriculum with
minimal problem solving. More time on task for practice of such material

will lead to improved performance but is this what we want?




The preparation of teachers to teach problem solving is a challenge
involving their beliefs about the nature of mathematics, their beliefs
about the nature of school mathematics, their knowledge of mathematics

content and processes, and their ability to solve problems. I believe we

must expand the idealized role of the teacher beyond that of
mathematician and pedagog to include curriculum developer and researcher.

The professional atmosphere of the schools - the conditions of
teaching - make mathematics teaching a less attractive career today than
;hat it was 15 years ago. The reasons for this need to be understood and

reversed.

A "Case Study"

The Howard Courty schools in Maryland are situated between Baltimore
and Washington, D.C. There are 25,000 students in a large formerly rural
county that 1s rapidly becoming suburbanized. The mathematics program
was gtudied this past year by t.~ staff, outside consultants, and an
independent committee of 30 citizens. Completely sgeparate and
independent reports were prepared by the consultants and the citizen's
committee. My report dealt with the program from grades 7 to 12.

Many on~site visits were made to the schools by the consultants and
committee members. Each consultant visited classrooms in each school and
each committee member observed at 1least 5 classes. Problem solving was
seldom seen. I observed a lively discussion among eighth graders on the
construction of a geometric procf. Most classes, however, were teacher
explanation of the text followed by assignments from the text. Open
exploration was observed in a few classes of the grade 4~6 talented and
gifted program and in early grades classes with manipulatives.

Testing overwhelms the instruction in this school district. There
are tests mandated hy the State Board of Education, Maryland Functional
Literacy Tests mandated by the legislature, and tests mandated by the
district., The citizen's committee reported that in the elementary
grades, all or part of 56 different days were taken for testing (in
addition to the teacher's tests). Thus, one issue is the amount of

instructional time taken from the curriculum. The lack of instructional
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time is one of the excuses given by teachers for not doing problem
solving activities.

Testiug affects the curriculum in a different way as teams of
teachers work to update and revise county curriculum guides, One issu2
always present is the need to organize a course so that students can do
well on the tests. Several teachers stated this concern to -e.

The citizen's committee report made strong recommendations in support
of mathematlcs program revisions emphasizing problem colving. One laymen
wrote a five-page paper on the nature of problem solving, citing Polya.
They also called for <xtensive inservice programs to help teachers
develop the background teo teach problem solving.

In this school system, therefore, I see the effects and £failures of
the Agenda firmly represented. There 18 an awareness among staff and
teachers of the importance of problem solving in mathematics teaching but
little implementation. The barriers to implementation include 1limited
instructional time, need to cover material that may be tested, and

limited knowledge of how to teach problem solving.

Another "Case Study”

Last March I participated in the site wvisit of the Southern
Association of Colleges and Schools accreditation visit to Washington
Wilkes Comprehensive High School. WWCHS is the only high school in
Wilkes County, Georgia, and it enrolls around 500 students in grades
6-12. Here, under 30 percent of the graduates attend college whereas 85
percent of the students 1in Hows d County attend college. About 50
percent of WWCHS students are black. It is not a wealthy district.

There were six mathematics teachers and I observed classes for each
of them, talked with each of them, and developed some sense of the
mathematics program. The teacher of a consumer mathematics class used a
chalkboard simulation of a savings register to develop ideas of compound
interest. The algehra II te.cher used a number theory problem as an
opener for his class. One sixth grade teacher showed me an essay written

by a student describing selling stock in a lemonade stand to raise
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capital. The student wrote the paper independently after the class had
studied a unit on stocks and a broker had visited the class.

In general, there were many recommendations for improvement of the
mathematics program at WHCHS. The resources of the school are extremely
limited. Five of the teachers are new to the system an¢ the program
needs to be updated. All six of the teachers are reasonably weil
prepared (e.g. over 60 quarter hours in mathematics). Two of them have

been former students in my problem solving course.

Preparing Teachers for Mathematics Problem Solving

I believe there are several ingredients esgsential to a course or

program of study that prepares a teacher of mathematics problem solving.

1. One must become a mathematics problem solver. Therefore my
course begins with tsking a large set of problems and

selecting problems to solve.

2, PReflection about problems, solutions, extensions, attempts,

etc. 18 an essgential.

3. Modelling of problem solving processes 1is important., I work
problems. I discuss strategies. If I go ahead and solve a

problem I try to provide an extension.

4, 1t 1s up to me to make sure every student is occasionally

successful in solving a problem.
5. Some problem solving should be in groups of 3 or 4.

6. Certain conten. can be developed through problems. Examples
include Euler's formula, Pascal triangle from a street g-oid,
triangular numbers, Heron's formula, the arithmetic mean -

geometric mean inequality, harmonic mean, etc.

7. T 1like to use a few problem contexts with many extensions.
For example, maximizing the area of a rectangle with fixed
perimeter can be extended by considering regions other than

rectangular shapes.
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&. Throughout the course I am constantly looking for leverage to

work on student's beliefs.

9. I regularly ask students to think about or write about how
they would modify a problem to make it useable with their

students.

A Problem Solving Workshop

During the winter of 1985 I proposed a workshop for experienced
inservice teachers who wished to develop their background 1in mathematics
problem solving, instructional computing, and (perhaps) the teaching of
‘mathematics problem solving. I specified that the participants would be
fully certified mathematics teachers currently employed in Georgia. This
meant each participant had at least 60 quarter hours of mathematics and
teaching experience. We selected 19 participants. There were several

key ideas to the proposal.

1. A two~week August workshop would be given over to an intensive
course in mathematical problem solving - with instructional

computing whenever it was natural for a problem.

2. Each participant would develop an applied project to
incorporate problem solving into their ongoing teaching
assignment for the year. The project was to begin in August

and be completed by May 15.

3. Five class meetings would be scheduled for Friday evening and
Saturday morning (November, January, February, March, and
May). The meetings were to assist with progress on the
applied project, continue work on problem solving, and explore

new topics.

Combining the problem solving course with the applied project allowed
me to get a sense of the importance of "ownership.” The projects were
designed by ea:h student to fit their teaching assignment. Not only were
the projects their own creation, but there was the added benefit of using

the material in their own class.




All 19 students finished the workshop. Their teaching assignment
ranged from sixth prade mathematics to calculus. Their projects covered
a similar span. Many of the projects were resource books to supplement
the course they were tcaching. All of them were able to document a
successful implementation of problem solving. Further, most would not
have gone .early as far to implement problem solving without the applied
project and its tryout.

MATHCAPS

This project at East Tennessee State University is directed by Dr.
Ratie Blackburn and although it 18 considerably more extensive than the
workshop, it vses similar strategies of intense problem solving activity
and development of ownership. Here the participants are writing
materials to use in providing problem solving background for peer

teachers in their schools.

Task Force on Testing

Growing concern for the effect of testing and assessment on
mathematics programs has led NCTM to organize a Task Force on Testing.

The following needs have been identified for the task force to address:

1. Identify standards for wathematics tests that include:
~testing a comprehensive curriculum
-emphasizing concept understanding
~incorporating problem solving

~assuming the use of a calcuiator

2. Analyze current tests commonly in use identifying matches and

deficiencies tn the test standards.

3. Develop a prototype for mathematics tests that includes sample
items for various levels of students in a variety of

mathematics content areas.

Discuss a variety of assessment practices that should be used

by teachers in addition to formal written tests.
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An open forum was held at the NCTM Annual Meeting in Washington, D.C. in

April, 1986. Some discussion items from the session are given below.

Testing, Evaluation, and Assessment

Clearly stated goals of a mathematics program (curriculum) should
dictate the content of tests used to evaluate program effectiveness;
tests should not dictate the curriculum.

Tests to assess student 1earnin§ must emphasize those priorities for
mathematics learning that are identified in the stated curriculum goals.

Calculator use must be permitted on all competency/functional
literacy tests for mathematics.

Testing for the gurpose of instructional grouping must be frequent
and accompanied by enhancement strategies.

Standardized assessments must reflect the changing goals of the
mathematics curriculum with increased emphasis on conceptual development
creative problem solving, and higher order thinking skills and with
decreased emphasis on algorithmic fluency.

Evaluation of student learning should permit alternative apgroaches
that maximize ldentification of students™ strengths rather than the
assessement of students” weaknesses.

* The evaluation of mathematics learning should include a full range of
the program“s goals, 1including skills, problem solving, and problem
solving processes.

* Teachers should become knowledgeable about, and proficient in, the use
of a wide variety of evaluative techniques.

* The evaluation of mathematics programs should be based on the program”s
goals, using evaluation strategies consistent with these goals.

* Parents should be regularly and adequately informed and involved in the
evaluation process.

* Evaluation strategies that include both test and non-test techniques
should be developed and disseminated to mathematics teachers both in
their preparatory programs and in continued in-service.

* The informed judgement of teachers should be considered a vital part of
the evaluation of any student.

* Tests should measure what ctudents know rather than what they do not
know. (This is a call for greater use of criterion referenced tests.)
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Summary

The classroom practice of mathematics problem solving in the U.S. is
considerably more widespread than before 1980. Many teachers incorporate
problem solving activities in their 1lessons. Yet, these classroom

practices are far short of the level asked for in An Agenda for Actionm.

There are many factors inhibiting the transition to curricula with a
problem solving focus. I believe much needs to be done to improve the
preparation of teachers but there are some models around that sghow
promise and the general grassroots nature of teacher discussions of
problem solving facilitates,

I am much more pessimistic about the lack of progress we have made iﬁ

dealing with the conditions of teaching or the effect of testing.
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Shimada:

Travers:

Shimada:
Nohda:

Wilson:

Discussion of Professor Wilson”s Paper

Thank you, Dr. Wilsonr. Are there any questions or
comments?

I have a comment, or perhaps a question. Jim mentioned the
issue of teacher preparation in his paper and as you will hear
tomorrow morning, and it will be of no surprise to anyone, when
American teachers are asked about their goals and priorities,
one of their primary goals is that of problem solving. They
all agree that it is very important. But when we look at the
data in terms of what goes on in the classroom, we see a wide
discrepancy betweer. their goals and practice. With respect to
teacher education, it seems to me that it“s expecting a lot
(and perhaps it“s an impossible expectation) that teachers will
be fully, actively engaged in problem solving 1if they,
themselves, are not engaged in problem solving as part of their
OWN mathematics education. My question or invitation for
comneat from the Jaspanese side 1is: Can you provide any
evidence that when your teachers are engaged in teacher
preparation in their study of mathematics, do they have the
opportunity to participate in genuine problem solving
activities?

How about a reaction on the Japanese gide?

Before I reply to Professor Travers” question, I have a
question. I have read that Professor Larry Sowder has said in
one of his papers, that there was no success in the United
States in the teaching of problem solving. I would like to
know whether this statement is true?

It"s probably true that Sowder said that. I think there
has been progress, but my scatement would be that if the An

Agenda for Action represented 100%, we are now 10% of the way

along. Are there other people in the U.S. delegation that want
to take issue with me? Professor Sowder was looking at a very

restrictive range of things calied problems, as we all do.




Wilson:

Sugiyama:

Wilson:

Nohda:

Wilson:

Ishida:

Wilson:

Shimada:

Sugiyama:

As we discuss this topic here, we should separate
elementary and secondary schools. So about 10 percent of the
elementary school teachers 1in Japan are mathematical
specialists.

10 percent are not?

90 percent are not specialists in mathematics ian Japan.

A mathematics specialist in the elmentary school in the
U.S. would be vary rare.

That 1is an important point. So you have to separate the
two cases - problem solving in the elementary school as
contras:ied with problem solving in our secondary school -
because in secondary school, teachers have a professional
license. In my opinion, at the school level, almost all
teachers do not have enough time for teaching problem solving.
Since the senior secondary school entrance examination is
difficult for students, and the standards of the mathematics
program are actually higher, the teachers may not emphasize
problem solving.

Well, T don't believe ve stress problem solving either.
That's exactly what Dr. Travers is asking. We ask for a lot of
mathematical preparation but there is such a rush; we've got to
get through the calculus to differential equations, through
linear algebra, higher algebra and geometry. We cover so much
material and do not have an opportunity for genuinely embedding
problem solving in that.

Although they have the mathematical preparation, teachers
in the secondary schools of Japan do not pursue it in their
classrooms either.

What about their trairing in the university, do they pursue
genuine problem solving in the university or do they work lots
of mathematics?

In this case, the problem is with the meaning of "problem"
as a word. For senior secondary school teachers, it means

those problems on the entrance examination, examples of which
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are included in the Appendix to these proreedings. They are
very original, not routine, problems. But the solution is
unique though there may be several ways to arrive at solutions.
8o secondary school teachers are sincere and hard working on
such kinds of problem solving. Suggestions by Polya may help
them. In these cases, the kind of problems is very limited in
that they are not related to the real world but rather are
confined within a mathematical context.

A few specialist teachers in the elementary schools have an
interest in real-world problems. They devise very interesting
and valuable problems. But most other teachers have no
interest because real problems are more difficult to prepare
and teach than the usual problems set by textbook authors. The
difficulty lies in finding problems whose situation are enough
interesting for students' emotion, and whose mathematical
difficulty is suitable for students' levels of ability.

Next I will comment on teacher training. There are two
kinds of training, preservice training and inservice training.

I have one good example of inservice training involving
problem solving activity. A group of teachers was organized in
the Osaka Science Education Center, an inservice training
Institution as well as a research institution supported by the
Osaka Prefectural Board of Education, to concentrate on a study
to help slow learners in senior secondary mathematics. Their
first theme was fractions. In that study, they found and
solved many of their own problems, some being psychological and
statistical, and others being concerned with mathematical
foundations. Through these kinds of activities they
experienced what is problem solving by use of mathematics.
This is the only case I know where problem solving elements are
included in inservice training.

For preservice training, I now have one course for problem
solving in mathematics in my university. In that course, I
found many of my students do very well in solving given
problems, but if I asked them a rather broader problem, it may
be very difficult for them.
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Wilson:

Shimada:

Inouye:

Kantowski:

Shimada:

Kantowski:

Shimada:

Becker:

Sawada:

Wilson:

Sawada:

I have an outline of my problem solving course here, and
have had similar experiences.

Are there any more questions?

So apparently we are not talking about the same thing, when
the question is posed about problem solving. Japanese
participants may be thinking of some other kind of problem
solving., Maybe the problem for Japanese teachers is how to get
their students into Tokyo University.

I would like to ask Professor Shimada about that inservice
training program in Osaka. What level are the teachers of that
program, are they secondary school teachers of mathematics?

Senior high school teachers.

So they are having some problem solving experience?

They found many students in senior secondary school cannot
do computation on fractions, and it was a teacher's real
problem to devise a measure to remedy these students'
difficulties. In the process, they experienced solving many
subproblems. I suppose they might have some kind of problem
solving experiences, but not so profound as the one mentioned.

It seems as though the Japanese and Americans have the same
difficulties in training teachers to emphasize problem solving.
And it sounds as though students have the same difficulties in
solving problems in the curriculum, but yet the Japanese
students seem to do 80 much better in the international
achievement data. I wonder whether some people can make some
comments that help to explain that.

Yes, I am sure that Japanese students seem to show better
achievement than that of other countries. But the reason is
not clear to me. Another reason for good achievement may be
that many students go to the “juku,"” informal schools. Thus,
they attend two kinds of schools, and this tendency has
increased every year.

Do you regard those items on the IEA as problem solving?
Are they problems in the sense that we are talking here?

I will discuss this tomorrow.
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Nohda:

Sawada:

Shimada:

Travers:

Shimada:

In Japan, the Jjuku makes very strong emphasis on
acquisition of computation. But I think that the juku schools
(tutoring schools outside of regular schooling) are actually
detrimental for problem solving. They stress calculations and
so-called basic computational skills and actually interfere
with what the public schools are trying to accomplish in
problem zolving.

I don't think so. Both regular teachers and Juku teachers
do not like problem solving in the elementary through secondary
school levels, so they don't stress it in their teaching. So
many teachers don't like problem solving.

May I interrupt here? In this case, there {is a difference
in the meaning of "problem." Problems involved din the IFA
testing were an =2xercise type of problem, for which Japanese
students had worked hard 1in preparation for examinations or
other reasons. But our issue 1s: if the student can do well
on such exercise type problems, then can we expect the student
to also do well on a wider problem? My answer is negative.
They can easily follow a set pattern, but when a set pattern
cannot be found, they will be able to do nothing. The fact
that the test score was higher than other countries may mostly
be attributed to social pressure on students' learning. But
this 1s not a good objective of mathematics teaching.

I would put the question another way, however, from the
U.S. side. If students cannot even do the problems that are on
the IEA test, are they ever going to be able to learn problem
solving?

In page 37 of Professor Silver's paper, there was a problem
that dealt with the number of buses for soldiers. If this
problem is discussed 1in the classroom both in Japan and the
U.S. and then the results are conpared, I think the U.S.
students will more likely show a realistic attitude to the
interpretation of remainder than Japanese students.

The expected correct answer was (integral part of 1128/36)
+ 1, (+1 for remaining 12 soldiers), But if we put these 12

89




soldiers in some of the other buses, more than 31 buses would
not be necegsary, and this may e a more practicai solution in
a real situation than driving one more bus for 12 soldiers. I
think there may be a difference in favor of the U.S. between
students in the two countries when considering the problem in

such a practical context.

Wilson: The military answer would be to throw the extra one away
(laughter).
Hashimoto: Generally speaking, what Professor Shimada says is true.

But after Dr. Wilson's talk, T will show a video in which those
kinds of ideas will appear. Tt depends on the teaching.
Wilson: I think part of the answer, my answer to Ken's question, is
that as long as our curriculum is so driven by tests we can
never have time to talk about real understanding. We emphasize
memorization and arill on algorithmic procedures so that the
students never have a chance to absorb reasoning and there are
limits to how much they will grow. I think the students in our
country are much more likely to answer "I don't care" to test
questions. 1It's not part, however, of what I understand of
Japanese culture for kids to say "I don't care” and refuse to
do something, but it is part of the U.S. culture.
Kantowski: First, I would 1like to make a comment and then ask a
question. I have a similar reaction to Kem Travers' question.
The assumption is that you can't do problem solving until you
have a mastery of computation and I'm not sure that is true.
In developing prcblem solving skills, we can develop
understanding that can lead to some amount of knowledge of
computation that will b~ optimal or minimal for questions that
come up on the international exam. I would like to ask a
question of the Japanese delegation. Jim said that one of our
biggest problems is that we are test driven and that one of the
biggest impediments to the teaching of problem solving is that
the teachers are concerned about having their students pass
various types of tests. Does the Japanese delegation feel the

same kind of concern about an impediment to teaching problem
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solving? So far, we have been emphasizing the fact that
teachers have not been prepared in problem solving, that they
are not doing problem solving; but my question is, is testing a
driving force that would be an impediment to problem solving in
your country as well?

Sugiyama: Japanese do not consider problem solving as a luxury. In
the elementary school, there are not too many mathematically
prepared teachers. But we do spend some time in problem
solving.,

We must look upon this problem from both within and without
or the two sides, and one aspect to be studied ir certainly the
problem of curriculum and the textbook.

At least at the elementary level, Japanese teachers are

less concerned with various aspects of the entrance
examination. Some good teachers try to stress the teaching of

problem solving and do spend some time in problem solving,

Some teachers intend to develop understanding of arithmetic

through developing problem solving skills or through developing
reasoning gbilities. But others may give only drill for

algorithmic procedures, 7Tt 1is almost the same case at the

secondary level too.

Becker: Jack and Elizabeth Easley from the University of Illinois

spent gome time in Japan a few'years ago, spending perhaps

three months in one school in Tokyo. They report in some of
their writings what Professor Sugiyama has said. Though they

are careful not to over generalize, they wonder whether on a

larger gcale in Japan the elementary teachers place more

emphasis on thinking exercises for children as opposed to

emphasizing computational type activities and that the results

of that emphasis show up fairly clearly in the 1late eiercentary

and junijor high gschool years.

Miwa: I would like to make two conments. The first is based on

the difference that I see between the opinions of Professsor

Travers and Professor Shimada. It is whether students who have

good scores in the exercise type problems are good sgolvers for
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Shimada:

real world problems or not. This may be an open problem for
further study.

Next, I heard 1in the 1lecture of Professor Silver this
morning that there 1s a multitude of meanings of “problem
solving” in the aims of mathematics education. In Japan, the
aim of mathematical education in the elementary and secondary
schools is to help students foster a mathematical way of
thinking. Problem solving is 1included in that. " So when
teachers teach many subject matters of mathematics, they make
an effort to attain this aim; i.e., to help students develop
mathematical thinking and to encourage or inspire them to solve
difficult problems. 0f course, these problems are those
included in textbooks or those devised by teachers. Professor
Shimada referred to problems which should be found in the real
world or formulated by students themselves from their
environment., So the difference will depend on what teachers
see as a problem.

I would like to add one example. About ten Yyears ago, the
results of an educational survey were reported. It said that
the percentage of students who could master mathecmatics taught
up to that grade were 70 percent, 50 percent, and 30 percent at
the end of elementary, junior secondary and senior secondary
school, respectively. These figures 70, 50, and 30 percent
were regarded as indicating failure in mathematics teaching and
were referred to as such in mnany articles on education. At
that time, no mathematics teacher questioned the validity of
the results and most accepted them as such.

But these figures can be interpreted by assuming
exponential change in the following way:

Let 100x 7% be the percentage of pupils who are fully
mastering mathematics in the previous grade and also succeed in
the said grade. Then we will have x6 = 0.7, x9 = 0.5, and x12
= 0.3, assuming x is constant in average. These equations mean
x = 0.9 or a 1ittle more. This means teachers made 90 percent

success 1In each grade. (Marvelous work!)
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Travers:

Hashimoto:

What T would 1ike to point out is that no mathematics
teacher thought of such an ianterpretation, though most of them
are good in problem solving of the type on examinations. So
they cannot apply their abilities to such an easy real
situvation. Real world problem solving is very different from
that found 1in the examination opapers or in the IEA study.
There are some delicate differences between real problems and
those in conceptual or mathematical problems made by
authorities,

Excuse me for making this interruption. As Chairman I
spoke too much. Now it is time to adjourn.

Profegsor Hashimoto's Paper

Our next presenter is Yoshihiko Hashimoto who 1is Associate
Professor of Mathematics Education at Yokohama National
University. At the same meeting to which Mr. Shimada referred
earlier I had the pleasure of first meeting Mr. Hashimoto, when
he worked at the National Institute For Educational Research
(NIER). Subsequent to that he came to the University of
Illinois as a Visiting Scholar for the period of one year. At
that time he taught us a lot about open-ended problem solving.
So it 18 my pleasure to be able to preside over this sgession
and to present Professor Hashimoto to you. He will give a
paper on the topic of the classroom practice of problem solving
in Japanese elementary schools.

Thank you very much for your kind introduction.




CLASSROOM PRACTICE OF PROBLEM SOLVING IN JAPANESE ELEMENTARY SCHOOLS

Yoshihiko Hashimoto
. Faculty of Education
Yokohama National University

Yokohama, Japan

1. Introduction

The purpose of this presentation is to illustrate our experimental
approach in teaching mathematics using a video image on screen, which
portrays a classroom practice carried out by one of the collaborating
teachers in our project. The experimental approach may be referred to as
the problem posing approach, whose aim is to elicit children’s
mathematical ideas by asking them to pose similar problems after solving
a given original problem. In addition, its aim is to solve a problem by
choosing one which they feel to be challenging or interesting from such
problems as are posed by their peers. This approach has been promoted by
Sawada and others since 1978 (Hashimoto & Sawada, 1984; Nagasaki &
Hashimoto, 1985) as a natural development of the approach 123ing
open—ended problems advocated by Shimada in 1971 (Hashimoto, 1983;
Shimada (ed.), 1977).

The research project was undertaken to study the potential of this
approach and to clarify its effectiveness as well as its pitfalls. Ve
achieved a positive outcome, and are trying to disseminate the approach,
but at present it is not very popular in Japzn. The children's activity
of posing problems similar to a problem just solved in class can be
regarded as an important facet of prohlem solving activity in a troader
sense since, in order to be able to pose a2 new problem, children must
reflect on the essential structure or underlying abstract pattern of the
solution of the original problem and transfer it to a different

situation.

2. On the Lesson to Be Shown

The video-taped lesson is continued from the preceding one which
focused on solving the following problem commonly found In Japanese
elementary school textbooks.
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Problem I

Squares are made by using matches as shown in figure 1.

When the number of squares is 5, how many matches are used?

Fig. 1

The information on the class is as follows:

a. School: Matsubara Elementary School (public, located in
a residential area of Tokyo)

b. Grade: Fifth Grade (10-11 years old)

c. Number of children: 37 (mixed, in gender and ability)

d. Teacher: TSUBOTA, Kozo (14 years experience)

e. Date: June 28, 1985

In this lesson, after veviewing the various ways of solving problem I
presented by children in the preceding lesson, the children are asked to
pose a new problem similar to problem I. Afterwards these problems are

discussed, in turn, in the whole class as shown in table 1 below.

Table 1, Outline of the Lesscn

Stage Content %é?:.) gggg:grigt

1 To present various ways of sclving the

problem and to review the last lesson. 6 1-15
2 To pose a problem based on the first

problem. 15 18-23
3 To present to the whole class problems

posed by individuals:

a. by changing the number or object. 3 25-31

b. by changing the geometrical figure. 10 32-50

c. by making converse problems. 11 51-71
4 To summarize. 2 72




Though the theme of this lesson is experimental and, therefore, not
very common in Japan, the style of interaction between teacher and
children is typical in Japanese elementary schools in that the teacher
spends most of the time in discussion with the whole class and in
observing or consulting with children who are wnorking individually on the
same assigned task. Individualized or group study on different tasks is
not commonly used in Japan.

The whole lesson took about 50 minutes and was fully video~recorded.
The present tape is edited from this fully recorded one to a 20-minute
prooram for this Seminar. The first part (4 minutes) is composed of
excerpts from instances of teacher-pupil interaction during the lesson in
order to convey the overall atmosphere of the class. The second and
third parts are recordings of classroom process emphasizing the following
two aspects:

a. Recognizing and evaluating children's various ideas.

b. Discussions between teacher and child, and between children.
(Here the first part will be showm.)
(1) Recognizing and Evaluating Children's Various Ideas. (While Showing
the Second Part)

In stage 1, table 1, eight ways of solving the problem (including the
one wrong answer) were presented. The proposed solutions of the problem

may be categorized as follows:

Table 2. General Ways of Solving the Problem

Fig. 4* | 4 x'ngl + 2 x.nil, n; odd Fig. 8 | 4+ 3 x(n-1)
Fig. 6 nx 2+ (n+1) Fig. 9 | 3 xn+1
Fig. 7 nx3+1 Fig. 10| 4 x n - ((n + 1)-2)

*FPigures appear the first page of the Appendix and following.




Counting one by one in a systematic way is not included in Table 2,
though basically it would be important for less able children. Besides
these, there are many other ways, of which two may be noted here., One is
that the frame of the rectangle is counted first, and then the vertical
matches inside the rectangle are counted, or (5 x 2 + 2) + 4, or
h x 2+ 4. Another is to derive a functional relation by making a table
representing the relation between the number of squares and that of
matches.

The teacher speaks with a tone that encourages responses and he
recognizes the wvalue of the children's ideas. For example, in the
child's question "If the number of squares is larger, is it still 67",
the possibility of generalization about the ways of solving the problem
is apparent. And the teacher encourages this line of thought by saying
" = -. If so, we may use this method in other cases.” (No. 10,
Appendix)

(2) piscussions between Teacher and Child, and between Children (While
Showing the Third Part)

The converse problems shown below were used as the material of these

discussions. The probiem which foiiows is the converse to problem I

above.
When the pumber of matches is given, how many squares can be made?

Problem A: Parallelograms are made by using pencils of the
(No. 51) same length as shown in the figure below.
When the number of pencils is 37, how many

parallelograms can be made and how many pencils

will remain? [ [ / / ‘j

Problem B: There are 27 gticks. Equilateral triangles are

(No. 62) made by using these sticks. How many equilateral

triangles can be made?

AVA'
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Next, the following six topics are discussed using the examples of
the above two problems.
a. The Problem of the Term 'Parallelogram' (No. 52-54, Appendix)

Is the term 'parallelogram' in problem A appropriate? The use of
geometrical terms for the figures in this problem 1s refined from
parallelogram to square and to rhombus in turn.

b. The Problem of a Remainder Case 1 (No. 55)
To the question, "What do we do if there is no remainder?", a child

answers, "If there is no remainder, just say zero."
c. Correcting the Statement of the Problem (No. 57-62)
The problem was at first posed as below, and was revised to be 1like
problem B.
There are 27 asticks. Triangles, some triangles
are made by using these sticks. How many triangles ‘
can be made?

d. Common Point of Two Problems (No. 63)

The number of pencils or sticks 1s given, and it is asked how many
geometrical figures --- parallelograms in problem A, equilateral
triangles in problem B -~- can be made.

e. Rec-asidering the Assumptions in the Problem (No. 64)

The gh the term 'sticks' is used simply, if the sticks are too big,
then tue arrangement might not be possible. Defining the sticks can be
seen also in No., 27-29.

f. The Problem of a Remainder

Case 2 (No. 66-71)

In problem B the question is "How many —-- can be made?" What do we

do if there is a remainder in problem B?

3. Teacher's Philosophy of Mathematics Teaching

Some teachers emphasize the value of the discussion between children
and of children's ideas. It comes from their child-centered philoéophy
of mathematics teaching., This classroom teacher walks around the desks
and cares about what and how children are thinking. This will help him

determine his next action. Such behavior can be seen easily in the video

recordings.




According to the Report about Tokyo-Hawaii junior high school math

teachers (Whitman et al., 1986), it sgeems that Tokyo teachers walked
around the desks more than Rawaii teachers.

Tokyo teachers more than Hawaii teachers monitored
students' progress in learning and completing tasks by

scanning the room to see i1f everyone was working, by

monitoring students' responses, and by roaming the room
checking students' work. (p. 24)

In this lesson, children pose the problems, but this is also due to
the teacher's philosophy of mathematics teaching. As shown 4n "Who
proposed 1t?" in Appendix A of Shimada's paper, posing a problem may be
done by the children themselves or by an adult gsuch as a teacher, the
author of a textbook or an examiner. There are few cases in which
children pose the problems.

In the following two problems, the first problem (problem II) 18 a

given one and the second one (problem III) is posed and selected by

children. The children are the same children and the 1lesson was carried

out about four months after the first problem T.

Problem II (Given Problem) 4

There are 3 square sheets of paper with

sides of 12 cm. These are overlapped along

the diagonal line as shown in the figure.

The non-overlapping part of each side is

4 cm. What is the perimeter of this figure | ==~~~

in cm?

Problem III (Problem Selected)

There are equilaterally triangular
sheets of paper with gides of 8 cm as
shown in the figure. The perimeter of
this figure 18 4752 cm. How many sheets

of paper are used?




Problem XII was taken up because most of the children wanted to solve
it.

Generally speaking, chiidren tend to choose the difficult problems.

A AR AN ANARAE-AYAN
4752 - 4 x 3 = 4740

U
ANANAz AN
4740 = (4 % 3) = 395 - — - -

One of the children's solutions is

shown in the above.
It is easy to understand.
I wish to acknowledge the suggestions and help of the Seminar's

Japanese members, especially those of Professcrs Tatsuro Miwa and Shigeru
Shimada.

This child
uses the idea of correspondence.

Edith Sarra and Robert Easley assisted me with the translation.
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Aruitoxt provided by Eic:

Appendix Record of the Whole Lesson Hour

Teachsr Children
1 Lec's begin.
2 Firsc, wa uill review the lest leseon.
3 This {s the problen we studied the dsy befors Yssterdey:
Squeres srs mads by using zatches ss shovn
{n figure 1. When ths number of squsres ie 5,
hou many natches sre used?
IR :
You came up uvith verious usys of solving the problea,
dida'c you? Let's {antroduce zoms of thaa.
4 une i3 by Yoshfaura-kun. He ¥rots the nuzber on ths I SN SOV AL
line snd want on to count 1, 2, 3, =~—. 3I_-| 9 nl ui I,‘
§ in the sans uey, Noreki-kun eeked for satchss. I gsve s R T
thes €0 him. (s sctually srranged 16 zatches and made Fiq.2
s thorough count..
6 Though Somobe-kun found thec his method vas vrong, he Wrong snsusr exaaple
shoued 1t €0 us. As thers sre 5 squeres end each has A3 fc 13 5 equeres, T can gac 3n
4 sides, & times § i3 20. Tvencty is wrong, beceuss he ansuer by counting the auzber of
counted doubls. He expleined his uisteke by hizmsslf, =stches fn & equere and che nuﬁz.hlt
of 3querss. ',A_!
7 Third.chers usre two Tssponses thet uers ths sazs. ”‘5 3 4.' ’*f Y73 i
There sre thras sspsrets squeres, ssch vith four '
metches. Batueen them thers sre 2 ssze of 2 matchss, Thers ere J sate of 4 zatches and i
30 the totsl ie 16 matchae. 2 sete of 2 sacches. Ry Y i
Ansuer 15 madcdes
3 Then Koseka-ssn seid vs csn make & 3quers by combining 3
the zatches that era in betusen end chen thers sre 4 _l-‘m
sace of 4 zatchae, )ﬂ!_l« s ot Ry-5
9 Well, Tsunashims-kun geve his opinton. If thers sts —
zeny squares, can us still use chie oechod? We had
such s question.
10 well, do you reassber Teni-kun's mechod? Thers are 5 sxl- é- -4
sbove and § below, 30 5 timee 2. And 6 s 6 stending AL ﬁ's b
up. Someons asked him: Whet i3 chie 67 Tsuneshims-kun
seid somsthing. What did you ssyl If che nuzber of squeres is lsrgsr,
i3 {c scill 62
Because 6 s 1 more than 5, 5 slus 1 {s sseicr €O
underscand than 6. If sc, ve zay use this oethod in
othér cases. -
11 Then there ware many other solutions. Ardga-kun's “u !
aethod ves to ley down the vertical mstches, 30 there \ \ .
uste 3 sets of S matchas snd one rezsining macch. This T T F.," i
{3 sizilacr to the lest mechod. Sx3ti ’fnhll thmitdes |
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Tescher Children

12 There ere 3 sore exasples. Tsude-kun made & equare b+ 3ckerd
e
firsc, end then the letter " ~J" (Note: ko -— froa Aatess thost 53

the Jepsneee syllabery). So the totel nuzber of Dj_ljj fv'j-x
v—) -

satches {3 the & plue J cizee &, or 16.

'

1) Then, Yszashita-sen made 5 eets of 3 zatches using & E:r— { 4f|
reversed letter " 7" plus one rexatning catch. So, S sete of 3 zatchee plus the
3 times 5 plue 1, or 16. rezaining 1. .9
s +1eib Fig:d

14 And last ie Suzuki Hiromi-esn. 4 catches bake a squere
end thers ere 5 squeree, so 4 tizes 5 is twenty. Sut,

the red lines ere counted double because they overlep, ! m '

Aaswed b mitineg

30 subtrace &. has -l .
Ae thers are 5 equeres and the nuzber of vertical (re7-2) F:y-’a|
=atches 18 5 plue 1, ve heve to subtract the left and Arswer ib sieddel

right ende from 5 plue 1. Thie would be a better method.
15 We had 8 different wveys of solving the problez. You
pretty much uaderstand? I checked your zesponses. Thera
uers scas good ideee end 2 or 3 T didn'c understand.
16 In the lsst leseon, ve solved only the first probles.
In todey's leeceon, I won't pose ¢ probles, but you will
pose it by initatiang the first problea. I want you to
present the problea you nmgde yourselves end diecuss it
vith sech other.
Ae I pees out the sheets, pose & prodlem and vrite it
out. All right? Get out your pencils.
17 Let's reed ft briefly. ¥e could solve this problea in
verious vsye. Let's pose a problea siniler to this
problea. This is todsy's lesson.
Now, elthough Arfge-kun eeked =¢ "May ve pose ae 2any
problese as ve vant?”, eake only ee zanv problens as
the tiae ellcus.
13 Then let's begin. Please work vithout hesitating though
the teschers =ay velk sround the deske. Does anyone
have a question? Okay? If chere's enything you don't
understand, please ssk me.
I 1t okav 1 12's only a 1liccie
bit sistlar?
Yee, thet's okay. May {t be ¢ problea using ruinhas
like this one?

19

Yes, =stches are okey. Or caybe soaething else?
Socething bieides aatches night be better.
20 Is 1z okay {f va use Irigasles o
pentagons instead of Squargs?

That's a good {dee, 3ut if you ey your good {ideces out
loud, others =iy end up using thes. Let's begin.

ERIC
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Tescher Childcen

21 What do you meen you doa't undnnun:sr
You understasd vhat you have €o do, don't you?
1t's easy to undaretand {f you i{mitete ths fiTet problea.
Teacher, say 1 drav a {{gure?
ves, if you drsv & figure, it vill zake it easy for
otkers to underytand your problea.
Do ve have to vrite an snevsr!

22 Yo need. For now, just the problea.
+hat {f 1 don’t know the ansver to

Ty ovn prodleal
That wuid be inKereecing too. So ve'll chink abeut
afterusrd. It's okay. Even Lf you can’c find your owvn
enever, it's okay.
As it {s {nterescing, wa'll introduce it eftervard.(Note:
Wslking afound the desksa, cthe tescher 3ays this o e child.
He givee the child posing the probles a sheet and a z=sgic
aarker to urite vith.)
&3 It'd be great if you could vrice tvo problese or eo. All Tight?

2% Then lc . hers. Whea you {inish vhst you are vriting sov, let
ae know by putting your pencil on the table. 1 valked around
che desks and had § people wvrite their problecze. Liecen to
their probleas and if you have made a prollem si=tlsr Co
their problezs or if you have 2 quast’on about thea, Jlesse
spaak up. Any questions?
2% Then, Sonobe~kun, please come hers snd explaia. 1 changed the firsc otoblex a
licele, and zade the follouwing
problea by changing o fron scticks.

Squstres are 2sde by using iron sticks.
If the ouzber of squares is )0, hov =sny
{ron aticks ere ueed?

Sy

: 26 How did hs change it? Doas anyone underecand?
Hov o.d Sonobe-kun chsoge the f{irst probleal 1 changed the matches end the
number of squares.

27 [ have one question abous it, but does anyone elee
have queecions? What {s iron eticks? He vrote Just
{ron sticks, though it may be okay as he drev a
figure of fc.
But what {s the leagch of the =atch ecicks?
AlLl are the same lengeh. What kind of sticks did
Sonobe-kun drav?

El{llC s 1H2
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Teacher

28

29

30

i

32

31

ERIC

Aruitoxt provided by Eic:

He drew them by hand. Perhaps we should add something
to this. Whet should you add? What should you add,
Ariga=kun?

Oh, is that 80? And what about you?

Sticks of the same length. You hsd better add somcthing
1ike that. Constant-length, You know & difficul: vord,
doa’t you? Did you learn it ia fourth grade?

You had better add zuch an expression. You had “<tter
add the word "constanc-length” or “the same length".
Well, vou changed matches to {ron sticks. And you
changed 5 to 30, Any questions?

Did anyone maks a problem similer to this?

Yas, what did Shoji~kun vrice? Is it similar?

What {s your number?

Seventy sticks.You have written that you msds squares
by using 70 natches. Is it really similar to Songbe-~
kun‘s? Did Sonobe~kun use 70 zmatches? You kuow the
aunber of squeras is 30, How many people chenged the
auzber of squaree?

A few,
Yes, cthis type of problea vas more common.
Tani-kun, please explain this, Listen $o his idea.

Would you rhad {t?

Constanc~length fron scicks,
The sszae length.

Yes, we did.

The nuzber {s diffareat.
Seventy sticks.

(Yote: About 10 children raise
their hends.)

Squares ate made by matches in the
first problea, I zade the mﬂcﬁ

by changing squares to equilaterof

trisngles. Any questions?
(Yote: Tani-kun resds the pablom
below.)

Equilateral triangles are wade by using matchas
as shown in che figure.

When the nuaber of equilateral ctrisngles is 15, -
hov many macches are used? :

Ry-12

Did you only change squeres to equilateral triangles?
You changed the number too. When I walked eround che
desks, I found many problsams like this one. Raise your
hand {f you changed squares o trianglas.

Ok, too many.

Well, how zany people changed squares to geometrical
figures other than triangles?

105

I also changed the nuabar.

(Note: Many children taise their
hands.)
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Aruitoxt provided by Eic:

Teacher Children

34 yhat figures &1d you make? Endo-kun, come up and put

your paper on the blackboard.
35 well, I changed squares {n che first

problea to regular hexagons,and I

changed the nuaber of squares is 5

to the nuzber of figures is 1011,

36 Please, read the problaa. (fote: Endo-kun reada the problem
balow.)

Matches are srranged as shown in the figure.
When the nuzber of regular haxagons is 1011,
how zany natches are used? (the length of
catches is all the size)

Fig.13
Can you solve ic? Ic's solvable {f I ceapute it.
How did you coampute 1it? Msybe I caa.
I think you caa.
foth of you changed the figure. You changed the figure.
There ate two types of childran, those who changed
squaree to equilateral triangles, and squares to regular
hexagons. {Note: The teacher writes the
following thinge on the black-

board.)

figure
square —> equilateral triangle
tegular hexsgon

37 Did anyone pose the probles by changing to other
figures besides “he hexagon?
38 What did Suzuki-san do? Should I read the problea?
Please read your probles. Coms here, and write it on
the blackboard with chalk.
Would you read yedr problea without writing ic? I want to make four pentagons
with S beade per eide. How many

beads are ueed?
(Note: She bagins to write the
problex.)

Hov did you make {t? Plesse draw your figure.
39 Suzuki-san said the figure vas a pentagoa.
Did anyone slse make pentagons? Plesse draw it. Hov do
you connect the beads? Please dgav the figure.
Please draw it here.
40 8y hacd is okay.
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Teacher Children

41

42

43

45

46

&7

Triangle, hexagon, pentagon.

D1d anyons cmake other figures?

Yes, XKosaka-san. Rectangular soltd.

Rectangular sol1d? Did you draw 4t? That's {ntaercsting.

You cen’t really do that with matches.

Tsuneshina~kun? Rectangle.

Can you mske a rectangls? Draw your figure. ,

Suzuki~kun?

I had you vriZec something. Put it on the blsckboard.

(Nota: To Tsunashiza-kun) Writd your idea atova

Suzuki~san’s response. (Note: Suzuki~san drav the left
figura first, and next changed
the right figure.)

Fiy 14

there.

Yeu Just £1l11 in ons stide of beads with yellow chalk,
wa can understand.

Please explain hov it 21l works, Suzuki-san. Yas,
Tsunashias~kun. Do you get Lc?

She drev her figures on the board like this, now listen
to the problea.

(Note: Suzuki~kun brings his sheet.) Okay, lay {t over @

I vant to mske four pentdgons w:th
S beads per side. How By desds
are used?

How did ycu change {t? Well, the figure is written here,
end please consider this as a
bead. Pantagons are made by ar~
ranging 5 beads this way and that,

She made such a problem. She didn’r use matches, but

the figure {3 a pentagon. Thanks. Any questions?

Ariga-xun, okay? Yes.

(Note: He reads the following

sentence.)

A vertical figure of regular pentagons {s
czade by using =atchas. When the nunber of
regular peatagons is 726, how aany astches
are used? F:i 5

Regular pentagons are connected like this. It is
different froa the first problem, becsuse {n his problem,
the figure is zigzag vhile the first ona is made hori~
2ontally. Thanks. Any questions?
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Teacher

Childrea

48 ) Thea Tsunashima-kun. What is your problea? r =~

[ 18l ] we

gcc:analel and squares are nade by using
sstches in the figure. When the nunber of
rectangles and squarss altogether is 1111,
how eany catches are used? (Cue side of the
reccangle is two times that of the square.)

49 I don't understand the mieaing of tht
€igure.

50 What Tsunashima-kun just said at the end of his problea
vas that one side of the rectangle {s two Cizes that of
the square. Ariga-kun is asking about that. A rectangle
has four sides you know.

Oaly the width, {sa’t {t? Your figure shows that, but
your description is & little vague.

Well, ons core person, Suzuki-kun, cagme up with &

T koow. Rectangle, square, rectan-
gle and square.

(Note: Tsunashiza-wun calls on
Ar{ga~kun, vho has raised his haad.)
If oae side is doubled, is each side
of the rectangle doubled? Are both
widch and height doubled?

Only the width, (Note: Only the
wideh is doubled.)

31
different way of posing the problea.
Suzuki-kun, this {s yours? (Note: See ¥o. &4.) Yes.
I almost conplecely changed the
’ problez. And this is the problex.
Parzllelograns are made by using pencils of the saze
lengch as shown in the figure below. When the nuaber
of pencils {s 37, how cany parallelograzs can be zade
and how many pencils vill resain?
Fua 17
How did you change 1t? You said you alzost completsly
changed {c. Yes. 1 chenged matches to pencila
and tquaras to parallelograzs. Aad
{nstead of asking how many satches
cake squares, I asked how cany
parallelograas cen be zade uith 37
pencils and hov cany psacils uwill
reaain.
52 It seeas & little difficult, but any questions? What Lf thare is 2o Feaainder?
Ic's olay.
53 Arigs=-kun.
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Teacher Children

Finzlly, even if you use parallelo:
grens, the length of the edzes are
the sgme. So I chick it is alzost
the sane as using squaras.

But I thought that I had Setter

change it.
34 Is this the saz=e a3 a square? As the ausber of edges
is four and the length of the pencils is the sams, it
is & square. Is that okay? What {s a square? In & square all the angles have to

be 90 degress, so that is not a
square.

Al

Then vhat {s {t? What {s it called? The sides are the

saze lensth, but {t's slaating. It's a thozbus. The pencils sre the
sane length, so it's 2 rhonbus.

Calling {t a parallelogran {s okay. It zust be a

parallelograz. But, as it i3 described as having sidcs

of the saze length, calling it a rhozbus is better,

according to this opinton.

55  Them, vhen you posed this problea you asked how many
pencils would reaain. Did you pose the problem knowing

vhat the resainder would be? N I thought maybe there would bv a
recainder.
Maybe? Okay, let's consider it later. Zero if there is no resaindes.

Your opinifon is that {f there is 20 rezainder then tha
renainder i3 zero. [t aight be good to add chat.

S6 Suzuki-kun's probles is very different from the first
probles. The first problem describes che nuzber of
squares, but in his probli= the number of pencils is
already deterzined,

So czn we apply the previous calculation? We can't.
what kind of calculation then? It may not flash across
your aind {zzediately. Multiplication? Division.

It nay require division.
57  How about Yamashita-san's problexs, how does it resemble
Suzuki~kun's? Let's chink about ft a little. How ace

they alike? (Note: Yazashita-san cones u; to

tha front and reads the prodlgm.)

There are 27 sticka. Triangles, soae triangles
are made by using these sticks. How many trianglss
can be =zde? .

S8k 109
Q s 127
ERIC

Aruitoxt provided by Eic: . .
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Children

58

59

60

51

62

63

64

Any questions?
Ask them ctheir opinions.

If you look a&¢ the figure, it doesn't look like ic's
okay. So how should ve fix it? How would you fix it

for her?

They're sll the saze lengeh, aren't thay? So, ft would
be good to say “equilateral”, wouldn't ft?

(Sote: To Yzaashita-san) Is that vhat you neant?

S0, how would you re-state the problea?

1f you do that, then how does It sound?

Isa’t this scatezent still a licctle vague?
fquilateral trisngles, soms equilataral triangles are
zade by using these sticks, You put “equilateral” on
everything, so doesa't it sound & lictle funny, Taai-
xwa? If you get rid of some of that, it will sound
righe.

Please read it. (Note: as he rezds, the bell rings.)

You say triangles, but {s zny kind
of triangle okay? Is ft okay {f
there are all differeat kinds of
criangles?

1f you changed "triangles” to “equi-
lateral triangles” {t would be okay.

Yeah.

T think you don't need the part
about "sone triangles”.

There are 27 sticks. Equilateral
triangles are mzde by uring these
sticks. Howv many triangles can be
asde?

Yeah.

Ther are 27 sticks. Equilateral triangles
are nade by using these sticks. How zany
equilateral triangles can be zade?

JAVA

Fi3.1

That's {ct, isa't {t?

Yes, thanks. You can sit down.

what is the comzon point between Suzuki-kun's and
Yamashita-san’s problezs? Can you find Lit, Sato-san?

That's right. Tano-wun?

Yes, here’s another opinfon. If che sticks are too big,
vhat would happen? What do you mesn by that?

110
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Since Yamashita-san Jasked how a2anv
equilateral triangles can be made,
they boch firsc determined the
nusber of =atches, acd then asked
how many equilateral triangles or
rhonbuses can be sude!?

what would happen {f the sticks
are too biz?

In short, we can't arrange thex.
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Oh, you mean they can't be arranged yall, But the
sticks are like macches, right?

Yas?

Yasashita=ran, how did you come up with the nunber 27?
What numbter is 4t diviaible by?

Did you decide on 27 becauss it's divistble by 37 As
Sato=san just told ug, in both Yaxashita-san's problea
and Suzuki~kun's problea, they first determine the
nunber of matches and chen ask how many figures can be
asde. Is this & different type of problea?

Suzuki-kun, vhen you thought of this problem, why did
you use this nucber, for it is oot divisible by 4,

Did you think that &f it ias oot divisible by &, it
would have s remainder?

Yazashita~-san thcught of 27 since it is divisible by 3,
Is this method all right for posing this kind of
problea? Is it all right? Who thiaks fc's all righe?

Did anybody else make this kind of problem?

Many people cade problems in which there i{s & certain
aunber of matches and you ssk how many £igures can be
asde using thexm,

what dic Gh :tomo=san Go? Listen to her ides.

Now the problea is, how did you think of the aumber
1352

Oh, is chat how? I asked without looking ar what you
did. (Note: Looking at her shest) Okutozo-san dida't
arrange the triangles in & line, She thought of & big
trisngle and filled it with liccle triangles. In her
case, though, she started from the top of the triangle
and vorked down. So that's different from the othar
probleas. You thought of the number by countiag up the
nunbar of sides.

So, then, returning to the previous problea, with 27.

In Yanashita~-san's problea, if
there is & resainder, vhat do you
do?

Becsuse it's 3 divisible nuaber.
3.

(Notes: Not zuch response)

(Note: Msay respoad )

Triangles are nade by using aatches.
Ghen the nunbar of ascches is L3S,
how cany triangles can be made?

Firat I vrote & large triangle, and

added z3ny small triangles, snd
counted the nuaber of edges,

In Ariga~kun's question 2 few minutes ago, he vondered if

the answer to the problea has 00 reamainder.
What do you thiak?

111

Ia Yazashita-san’s figure, I ¢haaK
the nuaber is oot divisible 5+ 3,
because two edges overlap.
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Teacher Children
What do you mean? I don': understand the meaning. Because,
Please come up to the front and explain. BSetween one triangle and the next.

Isn’t there an overlap? If there {s
one, it's not divisible by 3.
Really? In Yamsshita-san's problea, first 3 sticks,
then 3 nore sticks. Shall I draw it ag ~ here? Lf
s0, it is divisible by 3. Okay?

(Note: The taacher draws; AVA )

Kansko-san? I agree.

Tago~kun? It doesn’t mattcr if ic's 28 or 30
ot any nuaber because that is not
related tO the problem.

why? Because it'a not a problez ir which
it must be evenly divided.

As ¢t s o problem about how many figures can be cade,

1c's okay 1f it has a resainder, vighe? It's a0

probles whether Lt has a reasinder or not. 5o the

number {8 not related to the problem so much.

But Yanaahita-san said she thought of 27 becausa it was

divisible by 3.

The person vho made the problem thought that there vas

no fezainder in the answer. But it'may be like the

explanation Arige~kup gave.

However, as a probles, it doesn't catter if it has a

resainder because the question is, how many figures can

be oade, as Tago-kun explained. So the problez is okay.

Then, time is up, but the first method by Sonobe-kun is
{ncreasing the nuzber of squares and the wethods by
Tani-kun, Endo~kun, Kaneko-san, Suzuki~-san and
Tsunashina-xun involve changing the figures. Of course,
the nuober is also changed.

These two interesting problems are different from the
others. Their probleas give the number of matches and
ask hov many figures can be made.

Each problea belongs to onu of three types. In Cthe firs:
type, the nunber is changed, that is, the nuaber of
squares. In the second type, the figure &s changed,
The third type of problem reverses Chese problens.

What problem would you want to solve {f you were to

solve one of these problems? Endo-kun's problen.
And you? Endo~kun's probles.
(The End)
A 112
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Discussion of Professor Hashimoto's Paper

Travers: Thank you, Yoshihiko, and thank you especially for bringing
the video-tape which helps to give us a good feeling for the
Japanese classroom. Are there questions or comments people
would like to raise?

Kantowski ; This 1s an excellent example of problem solving in the
elementary school. These activities are related to what Polya
calls looking back activities, where students look back at the
solution to their problem and then try to find another problem.
T think this is a valuable exercise in teaching students about
problem solving, I was very pleased to see the tape and I
think you should be commended for bringing this to our
attention and giving good examples of the kind of problem
solving that is important.

Hashimoto: Thank you.

Silver: I'd 1like to know how typical this teacher is of teachers at
the upper elementary level in Japanese schools. Is this an
average class in the Japanese schools, or is this unusual?

Hashimoto: I think the teacher is above average but the children are
average because this school 1s an ordinary public school
located in Tokyo.

Silver: In terms of the nature of the activity of the classroom, is
this a typical mathematics lesson?

Hashimoto: In my opinion the theme of this lesson 1is experimental and
not common 1in Japan, but the style of interaction between
teacher and children is typical of Japanese elementary schools.
This kind of lesson has been promoted since 1978 as I wrote in
my paper. We have about 100 examples from lst grade to 12th
grade,

Travers: I have a marginally related question, At the end of your
paper you raised the issue of the philosophy of mathematics
teaching and one example of teaching in Japanese classrooms.
The kind of activity that goes on has impressed me since you

mentioned it when you were with us at Illinois, and that is the




practice that is encouraged, I understand, that teachers keep
records of their teaching activities that might be of an
experimental nature. These records are almost in the form of
an action-research kind of approach to teaching, with the
teachers being encouraged to keep an account of what goes on.
Would you want to comment a little more, perhaps in the context
of what we have seen?

Hashimoto: Yes. we have many videotapes and have published some bcoks
and presented many papers about our research. When such
teaching is carried out, I think it is important that other
teachers observe the lesson and that it be recorded carefully.,
After finishing the lesson, professors or math educagion
reseaxrchers discuss the lesson with classroom teachers. When I
stayed at the University of 1Illinois I felt that the
collaboration between university professors and classroon
teachers was not large, but the collaboration between
university professors and graduate students is very close. The
role of professors secems to be different in both countries.

Clarkson: I want to also tell Professor Hashimoto how much I enjoyed
the talk. One of the things that I am finding today is that
there are at least five differrnt things that are written in
Japanese that I would like to read, and I'm feeling very much
at a disadvantage. 1 was wondering whether we cculd get some
of the papers that are referenced translated into Englisgh?

Becker: Pérhaps. Tomorrow we will get some books f£from the
Japénese. I don't know whether it's exactly what you are
referring to but that's something that we should look at.

Clarkson: I was especially referring to one of Professor Hashimoto's
papers, but anothef reference that 1 was looking at was
Professor Shimada's lessons using open-ended probleuws in
mathematics teaching. They are also in Japanese; there are
several others like that. Maybe at a future time we could get
thenm.

Shimada: Two English publications will be shown tomurrow. We have

some samples. But for those books written in Japanese only, we
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have no means to translate them. Translation would cost too
much.

Miwa: In Japan, mathematics teachers in elementary and secondary
schools and university mathematics educators have an
organization called the Japan Society of Mathematical Education
(JSME). Probably it corresponds 1o your NCTM. JSME publishes
a monthly journal, which includes five or so articles by
teachers or mathematics educators. In addition, JSME has an
annual meeting in August every year. Then we have 150-160
articles in the elementary school section and, in total, over
400 articles which are published in a special issue of the
journal. Of course they are written in Japanese. I regret
that we have no journal on mathematics education written in
Englis*. I hope, in the near future, we can get support and we
c2z publish the journal in English - it contains some
interesting articles from Japan.

Now, Professor Hashimoto's article, which shows his basic
philosophy and examples of his teaching, is contained in the
Proceedings of ICMI-JSME Regional Conference. It is edited by
Mr. Sawada. Tomorrow morning the Japanese delegation will give
a copy to the U.S. delegation along with two other books.

BRecker: Professor Hashimoto, you made reference at the end to the
philosophy of the teacher. Where does that philosophy come
from? Is it self-generated by the teacher, or does it come
from the teacher training program?

Hashimoto: That's a difficult question to answer, but I think both.
Let me give you an example. I have done work with the teacher
referred to in my paper since 1972. In our project math
education researchers and professors make a team with classroom
teachers. We discuss our project with each other and convey
the philosophy of such kind of mathematics teaching to the
teachers, They will understand it gradually, 0f course,

teachers themselves have to think through the classroom lesson

and have to make an effort, and they also have to be eager to

do such kind of teaching. I think both are important. This is

one example,
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Becker:

Hashimoto:
Becker:
Shimada:

Travie:

Shimada:

One more question. If a teacher decides that he or she
would like to teach using this approach in the classroom, is
there a lot of freedom to do it?

Yes, they have the freedom.

What about the preraration for tests?

After the 2nd World War, the entrance examination ¢o sec-
ondary school from elementary school was abolished for publie
schools because compulsory school education was changed from 6
years to 9 years., Therefore, elementary school teachers became
free from examination pressures, But in city areas and high
society, parents want to send their children to private or
national junior secondary schools. 1In that case, pressure from
examinations still prevails. However, the school you saw on
the VTR screen today is not 80 much disturbed by such
examination pressures.

Earlier, Dr. Wilson tualked about the An Agenda For Action

published by the National Council of Teachers of Mathematics to
help focus teachers' emphasis on problem solving and tu help
make it an integral part of classroom teaching. Do the
Japunese teachers have a similar document to focus their
concern on problem solving and to make them aware of the need
to integrate problem solving into the classroom?

The Japan Society of Mathematical Education is now prepar-
ing some kind of Agenda for Action. I am not a director of the
Society but an outsider of the Board of Directors. But I heard
that news from the President. As for the importance of problem
solving uctivities in mathematics education, the Japanese
situation is not so much like that of the United States. Many
teachers emphasize problem solving and they have had that
experience beginning in the period 1940-50 — I made reference
to this in my paper. During that period the curriculum was
vholly based on problem solving, but it did not succeed as
expected. Tt was claimed that learning based on problem
solving activities 7ed to a sacrifice of the development of

mathematical knowiedge.
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Travers:

Shimada:

And at present, some persons put much more emphasis on
mathematical understanding of basic concepts than on problem
solving. They say that 1f a child can understand them, that
is, the essence of mathematics, then the child will be able to
solve problems when faced with real ones.

Furthermore, T would like to add a few points in consider-
ing real problems in school. In the classroom situation, the
school has a duty to protect its students from any danger such
as mental, physical, or economical. If some problem which
seems challenging and suitable for students' level of ability
has a risk of such a danger in the process of solution, then it
cannot be used in teaching. For example, gathering data for
traffic in dangerous street corners, or investing money in a
real stock market. So there are many who think that realistic
problems may not be appropriate for school teaching and must be
modified so as to get rid of possible harms; in other words,
that real~like-problems are better than real problems.

In fact, there are many teachers who emphasize problem
solving, but at the same time, there are many who think that it
is adopted as a means of promoting mathematical ability and its
objective is understanding of the essence of mathematical
problem solving but not mathematics for its own sake.

T would like to raise another issue which may be related to
the document on which the Japanese Society for Mathematical
Education is working. Jt has to dJdo with the relationship
between the teacher of mathematics in the secondary school and
teachers of other subject matters. We talked about real
problems and yet it seems to me that often the mathematics
teacher 1is isolated for whatever reason from the other
subjects., Is this a concern in Japan and is anybody doing
anything about this?

I do not know what will be included in the document that
JSME is working on. As for the relationship between the
teachers of mathematics and teachers of other subjects in the

secondary schools, the situation is just as you pointed out.
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Becker:

Miwa:

Wilson:

Tt is usual in Japan that mathematics teachers are isolated
from teachers of other subjects with respect to teaching of
mathematics.,

Reference was made this morning to the expectations of
parents and teachers of the students in mathematics. We have
seen now some examples of problems which I would regard, at the
grade level that they are used, as challenging, maybe somewhat
difficult problers. And I have also heard from other Japanese,
rhough I don't know how true it is, that it's a cultural
characteristic in Japan that learning mathematics is part of
improving oneself as a human being. I wonder if some of the
Japanese delegates could react to this,

One comment about the question., Generally speaking, in the
principle of school education, all subjects should contribute
to the character formation of students. Of course, mathematics
is one of those subjects. I¥ it is taught only for the sake of
mathematics, it is of no use. This is based on the priunciple
above. Actually, people often see mathematics as important
because it is the key subject in entrance examination, other
than its va2lue in science and technology only for a very
limited elite.

Here I would 1like to refer to the layman's inconzistent
dual views on mathematics in Japan. One is that people view
mathematics as very precise and correct., For example, they are
very confident of its importance because of the entrance
examinations. Another is that ©people often say that
mathematics is mathematicz and it is not real, and that in the
real world one plus one is not always equal to tvo.

T want to pose a question that seems to cut across several
sessions. All the discussions start with or seem to imply an
assumption of absolute acceptance of the goal of problem
solving and problem solving goals in our curriculum. I raise
the question, hoping no answer w?ll he¢ given at the moment, is
it time for us to also reassess whether we, or to what extent,

really hold that goal?
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Travers:

Wilson:

Sawada:

This is something for us to think about this evening.
Again, Yoshihiko, thank you. We are adjourned.

SESSION 3

Professor Sawada's Paper

To open this session this morning, our speaker will be Mr.
Toshio Sawada from the National Institute for Educational
Research (NIER). I first met Mr. Sawada during my visit to
Japan in 1978. We were very fortunate to have a return visit
by him to the University of Georgia in 1980 and we have had the
opportunity to exchange information with one another over the
years. One of the reasons I went to Japan in 1978 was to
attend work meetings in connection with the IEA study and, of
course, Mr. Sawada has been deeply involved in that. Iis paper
this morning will be a presentation on Japan's results from the
IEA studies. -3

Thank you, Mr. Chéi;ﬁan.

119 13'7




COMPARISONS OF ACHIEVEMENT IN PROBLEM SOLVING
ON SIMS BETWEEN THE UNITED STATES AND JAPAN

Toshio Sawada
Chief, Mathematics Education Section
National Institute for Educational Research

Tokyo, Japan

0. Introduction

In 1980-82, the International Association for the Evaluation of
Educational Achievement (IEA) conducted the Second International
Mathematics Study (SIMS) in the schools of 20 countries, including the
United States and Japan.

Making comparisons of students' achievement between the United States
and Japan is a difficult task at best. Both countries differ widely on a
number of social, cultural, economic, and political factors that may have
an impact on the content of the mathematics curriculum, on the way in
which mathematics is taught, and on students' learning of mathematics.

The main purpose of this paper is to compare mathematics achievement,
especially achievement in problem solving between the United States and .
Japan. The data used in this paper came from the results of SIMS for
Population A (see National reports and others).

The international definition for Population A was all students
enrolled in the grade where the majority of students have reached the age
of 13 by the middle of the school year. 1In the United States that
population would be eighth-grade sgtudents, and in Japan, because of
difference in the nature of the school year, that population would be
seventh-grade students whose average age was slightly less than 13 years
by the middle of the school year. These data were collected from
approximately 7,000 eighth-grade students and 280 teachers in the United
States, while Japanese data were collected from actually 8,091

seventh-grade students and 212 teachers.
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1. Teaching and Learning Mathematicsg
1.1 Goals in Teaching Mathematics

Teachers were asked to rate the relative emphasis that should be
given to each of nine objectives in mathematics instruction. Table 1
presents the results of these responses (percentage of teachers who rated

as 'very important') for Population A teachers in the U.S. and Japan.

Table 1 Goals in Teaching Mathematics

Objectives USA JPN
a. Understand the logical structure of mathematics 307% 137
b. Understand the nature of proof 12 10
c. Become interested in mathematics 45 65
d. Rnow mathematical facts, principles and algorithms 55 20
e. Develop an attitude of inquiry 39 32
f. Develop an awareness of the importance of
mathematics in everyday 1life 61 18
g. Perform computations with speed and accuracy 58 48

h. Develop an awareness of the importance of
mathematics in the basic and applied sciences 20 14
i. Develop a systematic approach to solving problems 63 34

The U.S. teachers reported that their most important goals were
developing a systematic approach to solving problems (rated as ‘'very
important' by 637 of the teachers) and developing an awareness of the
importance of mathematics in everyday life (61%). These were followed by
computing quickly and accurately (58%) and knowing mathematical facts,
principles and algorithms (55%).

Japanese teachers reported that their most important goals were
becoming interested in mathematics (65%Z) followed by performing
computations with speed and accuracy (48%). Problem solving was in third

121

w4
—~r
-
Py s

139




place (34Z). Both countries gave their lowest emphasis rating to the
goal of understanding the aature of proof for Population A 1level

students.

1.2 Teaching Activities

Teachers were asked to estimate the number of minutes they devoted in
a typical week to the following teaching activities. Number of minutes
(in average) in a typical week spent by Population A teachers in the U.S.

and Japan are as follows:

USA JPN
A, Explaining new mathematical content 98 mins, 78 mins,
B. Reviewing or revising content 59 41
C. Routine administrative tasks ’ 28 16

In both countries, most of the time is spent in explaining new content to
the class to more than one student at a time.

Teachers were also asked to estimate the average time spent by
students in the target class during a typical week on the following class
activities:

USA JPN
D. Taking matheamatical tests 41 mins. 20 mins,
E. Seatwork 100 58
F. Listening to lectures or explanations 85 76
G. Working in small groups 33 15

According to teachers' estimates for typical week, the proportions of
taking test and working in small groups are 9% and 16% of total students'
time in both countries. Japanese students spent relatively more time on
listening ~ discussion and less time on working in small‘ groups than the
U.S. students.

Then both teachers and students were asked to respond on the
'mathematics in school' scale. Each item describes either a mathematical
topic or an activity that were believed to be almost universally part of

the mathematics classroom. The following four items were common to both
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teachers and students and their responses to 'very important' are as

follows:
Teacher Student
USA JPN USA JPN

H. Checking an answer to a probiem g g % %

by going back over it 53 62 27 48

I. Memorizing rules and formulas 32 35 38 63

J. Solving word problems 61 43 20 51

K. Estimating answers to problems 22 29 20 18

The U.S. teachers reported that their very Important items were
"solving word probiems” (61%) and ".-hecking an answer to-—-" (53%), while
Japanese teachers was to “"checking an answer-—-" (62%). On the other
hand, Japanese students show a relatively higher percentage than the U.S.

students, except item K.

1.3 Teaching 3tyle

In some mathematics classes, all students are expected to do the same

work, In others, the teacher adjusts and selects the work to suit the

-ability and experience of individual students or groups of -students in

the class, by requiring them to do different questions or exercises.
Teachers were asked to estimate the percentage of target class time in a

typical week devoted to each of the following.

Table 2 Percentage of Target Class Time
USA JPN
Objective mean  S.D. mean  §.D,
a. Whole class working together as a 4 4
single group 48 26.0 69 18.3
b. Smell group instruction 19 22.5 10 10.2
c. All students working individually 32 22,0 19 15.3
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The average percentage of whole class working together as a single
group in Jovan is 69%, a relatively high percentage, whereas small group
instruction or all students working individually present relatively lcwer
than the U.S. responses.

In the classroom in Japan, generally the teacher-centered instruction
is adopted by giving the same tasks to all the students in it.

On the other hand, school prinéipals were asked as to whether setting
or streaming took place or not in their schools. The proportions of
setting or streaming in mathematics classes 1is 77% in the U.S. and only
2% in Japan. It seems that most teachers of Population A classes in
Japan clearly grasp the realities of mathematical ability range of
students in their classes, but it 1is the general practice not to stream
classes. This may be thought of resulting from teachers' negative belief

in the vaiue of streaming.

2. Intended, Implemented and Attained Curriculum

SIMS has three analyses of curriculum. At the level of the
educational system, there is the iptended curriculum, the collection of
intended outcomes, supplemented by course outline, official syllabi, and
textbooks which prescribe what is intended to be taught in mathematics.
In Japan, the basic framework including the objectives and standard
teaching content is outlined in the "Course of Study” issued by the
Miristry for each of the three school levels: elementary (Grade 1-6),
lower secondary (Grade 7-9) and upper secondary (Grade 10-12). Textbooks
to be used in schools are those published by commercial publishers after
the authorization by the Minister of Education.

At the second level, the level of the classroom, there is the
implemente.s curriculum. Teachers may exercise their own judgment in
translating curriculum guides or adopted textbooks into a program for
their class. Thus, the implemented curriculum will reflect the personal
preferences and biases of teachers and the coverage of textbooks used, as
well as the size and composition of the classes in which mathematics is
taught., It 1is clear that the implemented curriculum mneed not bear sgo

strong a resemblance to the intended curriculum, and that it is the
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implemented curriculum which finally determines the student's opportunity
to learn mathematics.

Finally, the information and skills mastered by the studentz; as
demonstrated in tests and questionnaires, makes up the attained or
achieved mathematics curriculum, The extent to which the three curricula

correspond to each other is an important concern of the IEA Study.

2.1 1Intended Content Coverage

In SIMS, for each item the national committees were asked to give a
rating of 2 if the item was highly appropriate to the national
mathematics curriculum, 1 1if the item was acceptable in terms of the

curriculum, and 0 if the item measured mathematics content not in the

formed the basis for the variable termed the index of intended content
coverage; that is, the percentage of items in the SIMS test regarded as
acceptable or highly appropriate. The index represents the extent to
which an item was seen to be in the official curriculum, or not,

The curriculum analysis was based upon a content-behavior grid. The
four levels of behavior were computation, comprehension, application and
analysis, and the area of content for Population A included arithuetic,
‘algebra, geometry, probability and statistics and measurement, Also,
some items were classified tuv non-verbal (computation problem) and verba
(e.g., problem solving) category,

The description of behavior 1levels was based or a chapter by J,
Wilson in B. S. Bloom's book. Computation was taken to mean ability to
recall facts, to use mathematics terminology and carry out algorithms.
Comprehension included the ability to recognize concepts, mathematical
principles and rales, to transform problem elements from one mode to
another, to follow a line of reasoning, to read and interpret a problemn
and to generalize, Application included the ability to solve routine
problems, to make comparisons, to analyze data, and to recognize
patterns, isomorphisms, and symmetries. Analysié included the ability to
solve non-routine problems, to discover relationships, to construct

proofs, to criticize proofs, and to formulate and validate

125




generalizations. More interesting for comparison are the results of
students' achievement in problem soiving, widech are included in the
application and analysis levels.

A summary of the indices of intended content coverage (APPR) is given
in Table 3. Total averages of 157 common items are 82% in the U.S. and
94% in Japan. Topic subtests rated over 90% in the U.S. are arithmetic,
statistics, measurement and verbal areas, and all areas except geometry
in Japan. Geometry and algebra show relatively low intended content

coverage in the U.S.

Table 3 Means on Selected Variables Related to the Intended and
Implemented Curriculum by Topic Subtest: Population A
Intended Implemented
Topic Number Curriculum Curriculum .
Subtest of Items APPR(7) TOTL(Z) TESA(Z)
USA JPN USA JPN USA JPN
Total 157 82 94 69 77 45 51
Arithmetic 46 100 94 85 85 54 52
hlgebra 30 63 93 70 83 43 52
Geometry 39 59 87 46 52 32 41
Statistics 18 94 100 72 76 49 54
Measurement 24 100 100 75 95 45 64
Computation 53 79 94 77 79 52 56
Comprehension 51 82 90 70 70 45 48
Application 45 82 96 64 81 38 51
Analysis - 8 88 100 47 71 30 45
Non-verbal 15 73 100 8" 92 60 63
Verbal 16 94 100 81 97 47 56

Mote: APPR: Item appropriateness indzx
T01L: Teacher "opportunity-to-learn” index

TESA: Teacher estimate of student achievement
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2.2 Implemented Content Coverage

One of the implemented content coverage indices is computed from item
level judgements by classroom teachers of whether students in their
target class had an opportunity to learn the mathematics skills and
content tested by the item. Teachers were asked for each item whether
this opportunity to learn had occurred in this year, in a prior year, or
never. Table 3 shows "teacher opportunity to learn"”  ndex (TOTL) by
topic subtest,

Another one of the implemented coverage indices, namely teacher
estimate of student achievement, was obtained by asking teachers to
estimate what percentage of the gtudents in the target class would get
ezch item correct, This index was also designed to detect whether
asp the reslity of students from the likely
performance of the same students on the test. Teazher estimate of
student achievement (TESA) also is given in Table 3, by topic subtest.

In general, the intended coverage i lex is greater than the
implemented coverage index. One of reasons that intention runs shead of
implementation would be that the official curriculum developers muy be

overly-optimistic about what teachers. are able to cover in their courses,

2.3 Differences betwera Attained and Implemented Curriculum

Table 4 presents a series of attained curriculum and differences
between indices of implemented and achieved content coverage, The
differences in the table might be regarded as a crude measure of the

efficiency of the learning process in the classrooms of both countries,
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Table 4 Means* and Differences** between Indices of Implerented

Content Coverage and Student Test Score by Subtest: Population A

Attained Implemented - Attained
Topic Number Curriculum Curriculum
Subtest of Items TEST(Z) TOTL-TEST TESA~TEST

USA JPN USA JPN USA JPN
Total 157 45 62 24 15 0 ~-11
Arithmetic 46 51 60 34 25 3 -8
Algebra 30 42 60 28 23 1 -8
Geometry 39 38 58 8 -6 -6 -17
Statistics 24 41 69 34 26 4 -5
Measurement 24 41 69 34 26 4 -5
Computation 53 50 66 e 13 2 -10
Comprehension 54 46 57 24 14 -1 -9
Application 45 42 64 22 17 -4 ~-13
Analysis 8 32 60 15 11 -2 -13
Non-verbal 15 51 70 3¢ 22 9 -7
Verbal 16 48 66 33 21 -1 -10

* Average percentage of students ~orrec. responses by each subtest
%% .hese differences have been calculated by subtracting each subtest
score (TEST) from the corresponding teacher opportunity to learn (TOTL),

from the corresponding teacher actimates of student achievement (TESA).

In both countries, the differences between f-'ices of teacher
opportunity to learn and test score in content area show small values
less than 15 percentage In geometry and statistics, and values well in
excess of 20 percentage in arithmetic, algebra and measurement. In
Japan, the difference in geometry is -6 percentage. Japanese teachers
were not fully aware of opportunity to learn and under-estimated the
performance of their students.

The differences between teacher estimate of student achievement and

test score are smaller than “he differences between teacher opportunity

5 128

146




to learn and test score. TFor Japan these are all negative because of

teachers under-estimating the performance of their students,

3. Achievement in Mathematics
3.1 Mean Score in Topic Subtests

Students were tested in the following five content topics:
arithmetic, algebra, geometry, statistics and measurement. Each. item
also was divided into four levels of increasing cognitive complexity:
computation, comprehension, application and analysis. The application
behavioral level required the solution of routine problems, maki;g
comparisons, recognizing patterns and. analysing data, while the highest
level of all, analysis behavioral level, was defined to include the
solution of non-routine problems, discovering relationships and
formulating generalizations, including items of problem solving. And
some items could be classified according to their non-verbal and verbal
nature.

Topic areas show in the column of attained -curricult.: in Table 4.
Total mean score in Japan is 60%. The scores in statistics, measurement
and non-verbal show relatively high percentages among topic areas;
whereas scores in geometry and comprehension‘are relatively low. On the
other hand, the total mean score in the U.S. is 45%. The scores in
arithmetic, statistics, computation and non-verbal show relatively high
percentage among topic areas, whereas geometry and analysis are
relatively low. In short, content topics in geometry show relatively low

score in both countries.

3.2 Item Difficulty

Table 5 shows the correlation table of mean p-value (percentage of

correct answers of 157 items) in both countries.




Table 5 pistribution of Item P-value (157 Items for Pop. A)
J P N

P-value O- 10- 20- 30- 40- 50- 60- 70- 80- 90- T(i)

0- 1

10~ 1 1 3 2 2

20~ 1 5 4 4 2 2 21
U 30- 1 1 2 6 4 g 5 1 29
S 40— 1 1 1 3 3 13 8 3 33
A 50- 1 4 3 10 11 36

60~ 1 1 2 4 3 2 13

70- 2 10

80~ r=0.63 5

90~
(P 3 3 4 14 19 17 35 30 28 4 157

Table 5 shows that there are comparatively small numbers of either very
low or very high p-values. The mean p-value is 45.3% for the U.S. and
62.1% for Japan, and the standard deviation is 17.1 for the U.S. and 20.1
for Japan. The correlation coefficient between p-value of the U.S. and
those of Japan is 0.63.

it is believed that as the opportunity to learn bacomes greater, then
the p-values on the items would increase. The correlation coef%icient
between p-value and teacher opportunity to learn is 0.46 for the U.S. and
0.28 for Japan. The correlation coefficient between p-value and teacher
estimate of student achievement is 0.66 for the U.S. and 0.45 for Japan.
It seems that the correlations in the U.S. are greater than those in
Japan.

According to this zable, the number of items with p-value less than 20%
are 10 for the U.S. and 6 for Japan. For all of these items, Japanese
teachers said that the content had not yet been learned (TOTL under 5%),
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but for 4 of these items, the U.S. teachers reported that the content had
been learned (TOTL more tkan 70%Z). The p~velue of the item 173 (problem
on vectors) was very low in both countries, and also had low intended
coverage (TOTL) for both countries. On the other hand, five of the
relatively easy items for both countries (p~value 80% more than) fall

under the content topics of arithmetic, statistics, and measurement.

3.3 Changes in Achievement since the 1964 Mathematics Study (FIMS)

Thirty-five items from the First International Mathematics Study (FIMS)
in 1964 were included in the Second International Mathematics Study
(SIMS) for Population A. Each item can be classified into verbal and
non-verbal (computatioral) items according to the criterion adopted in
FIMS. The following table 6 presents student achievement between FIMs
and SIMS by each topic subtest.

Table 6 Changes in Achievement on FIMS/SIMS

Topic Number USA JPN

Subtest of Item FIMS SIMS FIMS SIMS
Total 35 487 45% 65% 64%
Arithmetic 14 55 50 65 60
Algebra 9 42 42 53 61
Geomelry 5 40 33 67 68
Statistics 5 50 55 73 74
Measurement 2 35 37 73 74
Non—-verbal 21 48 49 62 63
Verbal 14 48 41 70 66

For the U.S., the mean’ p~values for arithmetic, geometry and verbal
areas in SIMS are lower than those of FIMS, whereas statistics is higher

than before. As for Japan, the mean p-viilues for arithmetic and verbal
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in the present study are lower than those of the previous study, whereas
algebra is higher than before. As a whole, the topics of arithmetic and
verbal (most of problem solving) in SIMS are relatively lower than those
of FIMS. These results way reflect the fact that less emphasis in
teaching is being given to arithmetic in both countries than was the case
in the previous study.

For example, one of the most dramatic decreases occurred on item 078

(IFA code number), shown below.

(Item 078) A rumner ran 3,000 meters in exactly 8 minutes. What was his
average speed in meters per second?
A 3.75 B* 6.25 C 16.0 D 37.5 E 62.5

(* correct answer)

P-value PIMS SIMS diffarance
USA 43 19 =24
JPN 51 37 -14

The p-value in the U.S. went from 43% ‘to 19% and in Japan, from 51%
to 37%. These differences are very large and the scores fell

dramatically.

4. Achievement in Problem Solving

Concerning students' achievement in problem solving, it is of
interest to make comparison of achievement for some items in word

problems, and in the analysis level in SIMS.

4.1 Achievement in Word Problem

In SIMS, there were 175 items common to both countries. Among them,
sixteen were verbal problems; ten involved in Arithmetic; four Algebra;
one Geometry; one Measurement. For word problems, the mean p-value is
48% in the U.S. and 64% in Japan as shown in the table 4 (in page 128).
The differences between teacher estimate of etudent achievement and the
mean p-values of word problems are -1% in the U.S. and -10% in Japan.
The Japanese teachers were not fully aware of their under-estimated

student achievement for this content.
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The following problems exhibited the 1lowe.t percentage of correct
answers in spite of the fact that the ratings of teacher opportunity to

learn were high (more than 85%) in both countries.

(Ttem 076) Four l-liter bowls of ice cream were set out at a party.
After the party, 1 bowl was empty, 2 were half full, and 1
was three-quarters full. How many liters o: ice cream had
been EATEN?

A 3%3/4 B 2%3/4 C 2*%1/2 D 1*3/4 E None of these

Responses A B C D E#* TOTL
USA 6 30 9 23 30 85%
JPN 4 30 6 25 32 99%

The above problem is a typical word problem in everyday life. The
p-values for this item are 30% for the U.S. and 31% for Japan. The
patterns of responses are similar for both countries. On the other hand,
when many of the Japanese students had chosen their answer from the five
alternatives for the following item, they had some confusion or

misunderstanding.

(008) 1In a school of 800 pupils, 300 are boys. The rate of the number
of boys to the number of girls is

A 3:8 B 5:8 c 3:11 D 5:3 E 3:5

Respor.ses A B c D E* TOTL
USA 25 9 6 10 46 917
JPN 24 3 1 41 31 98%

The p-values of this item are 46%Z in the U.S. and 31% in Japan.
" Achievement of the U.S. students for this item is greater than that of
Japanese students. Many Japanese students took choice D instead of the

correct answer E.

4.2 Achievement in Analysis Level

The following eight items were included in the analysis 1level which
was defined to include the solution of non-routine problems, discovering

relationships and formulating éeneralizations.
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Analysis Items for Populafion A: (Code Number)
(00Z) Matchsticks are arranged as follows
I A
ist 2=d 3rd
If the pattern is continued, how many matchsticks are used in
making the 10th figure?
A 30 B* 133 C 36 D 39 E 42 (* correct answer)

(018) If 6x - 3 =15

then 6x = 15-3 1)
and 6x = 12 (i)
and = 12/6 (111)
and x =2 (iv)

The error in the above reasoning, if one exists, FIRST APPEARS
in line
A* (iv B (41) C (ii1) D (iv) E None of these, there

is no error

(023) The length of the circumference
of the circle with center at 0 is
24 and the length of arc RS is 4.
What is the measure in degrees
of the central angle ROS?
A 24 B 30 C 45 D* 60 E 90

(059) Three straight lines intersect
as shown in the diagram.
What is x equal to? z° 50"

A 30 B 50 C 60 D* 110 E 150




(074) 1st row 1

2nd row 1-1
3rd row 1-1+1
4th row 1-1+4+1-1

5th row 1-141~1+1
What is the sum of the 50th row?
A* O B 1 cC 2 D 25 E 30

(099) In the graph, rainfall centimeters

is plotted for 13 weeks. The cn |

average weekly rainfall during f

the period is approximately :

A 1 centimeter B* 2 centimeters'| 7T 1T
1234567891031213°

C 3 centimeters D 4 centimeters week

E 5 centimeters

(144) Ome bell rings every 8 minutes, a second bell rings every 12
o'clock. In how many minutes will they next ring together?
A 8 B 12 cC 20 D* 24 E 96

(168) A solid plastic cube with edges 1 centimeter long weighs 1
gram. How much will a solid cube of the same piastic weigh if
each. edge is 2 centimeters long?

A* 8 grams B 4 grams C 3 grams D 2 grams E 1 gram

The responses for each item, with the rates of teacher opportunity to

learn and teacher estimate of student achievement is given in Table 7.




drawing and counting rows and do not necessarily involve any mathematics
which should have been specifically taught., Students would have been
familiar with diagrams of this type, but teachers seemed to think that
they had not taught such topics as sequences or series belonging to upper
secondary mathematics. In fact, the ratings of teacher opportunity to
learn are relatively low for both countries, 1In general, percentage of
the correct answer at the analysis level are relatively lower than those
of other levels for both countries.

6. Summary

As a brief summary of this paper, comparisons of acllevement in
connection with the curricula of both countries are illustrated and are
f substantial interest regarding goals, teaching activities and teaching
styles, given the current concern of the quality of mathqmatics education
in both countries. Tt identified ways in which U.S. mathematics teachers
differ from Japanese mathematics teachers in teaching practices. 1In
addition, it identified the differences in students' achievement by
items, and subscores for both countries. It seems to me that the
differences between the attained and implemented curricula will have both

positive and negative .mplications.
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Wilson:

Silver:

Sawada:

Hashimoto:

Wilson:
Rachlin:

Discussion of Mr. Sawada's Paper

We are actually about three minutes early, so Mr. Sawada
has made very efficient use of his time. I would personally
like to compliment Mr. Sawada on his very clear presentation
and, speaking for the rest of the U.S. delegation, I can say we
were following the talk very easily. I would remind each of
you, as you have a question, turn on the microphone, then state
your name, ask the question and then give the translator an
opportunity to translate. Who would like to go first?

I'd 1ike to pick up on the comment that you made at the
very end of your talk. Tn your paper you mentioned thac the
IEA results have both positive and negative implications and I
was wondering if you would discuss some of those implications
briefly for us.

On the negative side there is a difference between
teachers' understanding of what the students actually learned ~
intended and actual. We wpust clear up the cause of the
teachers' underestimate or overestimate for students' learning.
For example, in item 008, there is a difference between the
teacher's estimate and students' actual achievement.

I'd 1like to give an example - how about item 008 on page
133? In this problem the achievement of U.S. students is
higher than that of Japan. Why do 41% of Japanese students
pick the wrong answer, choice d?7 For United Svates students,
only 10% picked this response. I think this is one example of
an implication from the items. Such a problem is taught at the
fifth grade in Japan. Classroom teachers do not emphasize
topics on proportions like this. This is one implication.

I would point out that the word is ratio.

I just wanted to check on that same item. I'm not
convinced that the U.S. students who got it correct did so
because they know about ratios. It may be that the way the

question is stated makes it easy to pick 3:5 as the correct
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ratio because 300 is the given number and they are looking for
some other number, so they place it next. I am wondering
whether, after translation, it may be a harder problem ia

Japanese than it is in English?

Hashimoto: I think one of the reasons is correct. Mr. Sawada, what do
you think?
Sawada: It may be that Professor Sugiyama will give comments on

such content based on Japanese textbooks this afternoon. In
Japan, ratio and proportion are covered in the elementary
school, but the students' achievement is generally lower than
the teacher's estimate.

Rachlin: I am wondering whether the differences in the comparative
results derive from the wording of the item. What I was trying
to get a feel for is whether the differences result from the
translation into Japanese - perhaps, there is a different style

_ of presentation?

Sawada: In a school of 800 people, 300 axe girls. The ratio of

g number of boys to the number of girls i1s more correct. This
sort of comparison between the number of girls and the ratio of
boys to girls is not found very commonly in Japanese
mathematics' problems, for example. So the presentation sounds
strange.

Nohda: Tn the U.S. the custom is to say ladies and gentlemen,
whereas, in Japan, we say gentlemen and ladies. This may also
play a role here.

Wilson: I'd 1like to comment. In general, ratio and proportion is
not covered very much in the sch.ol curriculum in the United
States. The research literature on students learning ratio and
proportion concepts shows that one of the difficulties is that
kids continue to use an additive strategy. Tf you apply that
wrong additive strategy to the way this problem is worded,
you'd still get the right answer. I don't believe it reflects
very much what students know about ratio, and it ma2y be chat

they do better because the wrong strategy also gets the correct
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Silver:

Inouye:

Becker:

Travers:

answer. That's one very biased opinion based on my perception
of the item.

One other comment about this item. The most common error
that students make in ratio problems of this sort is the
reversal error; that is, to say 3:5 instead of 5:3, or vice
versa. If you look at the performance the Japanese students,
actually 72% of the Japancse students are using the right
numbers, and we wonder why the American students are choosing
different numbers in their anmswers. I think the reasonable
choices are d and e and the Japanese students are choosing d or
e more than the American students,

I am surprised that so many American students got it right,
based on my experience. They usually get it wrong. They have
to do the subtraction of 800 - 300. They cannot take that 307
from 800.

Usually by about the middle or junior high school years in
the U.S., students are learning to translate from verbal
statements of problems into mathematical notation in a kind of
one-to-ore correspondence manner from words to symbols, The
students are learning a certain way of mapping words onto
mathematical symbols. Now I can't say that it is actually
happening at the fifth grade level in the U.5., but there is a
certain flow of the words to the symbols here. The problem
states that in a school of 800 pupils, 300 are boys, the ratio
of the number of boys (300) to the number of girls is to be
filled in. If we look at the responses that follpw that
pattern, the plausible ones are a and ¢ and e, and e is correct
and that gives you a total of about 77%, I think. So T would
expect American students to respond that way.

I'd 1like to make a general observation about the issue.
One of the many fascinating issues about the IEA study is how
one deals with the linguistic and cultural issues and barriers,
if one would like to regard them in that way, in testing
achievement across countries. As part of the IEA standard

procedure, after the item pools have been developed and pilot
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Whitman:

Travers:

Inouye:

Travers:

Miva:

tested, there are fairly elaborate procedures for translating

the items into the native language and independently back
translating the items. I°m convinced that one of the many
important kinds of analyses that should be done is to look at
some of these issues in terms of how the translations have been
handled and possible linkages, in this case, between the
language structure and achievement. I think this is just one
example of an Important kind of subanalysis that somebody
really should be doing.

I guess this is directed toward Mr. Sawada and Professor
Travers. 1 am curious whether there were any data collected on
when the topics are covered in the classroom relative to the
time that testing took place. I notice that Mr. Sawada says
that this is generally covered 1in the fifth grade in Japan.
When is it covered in the American population?

Yes, we have data on when the topic was covered with
respect to the school year because we asked the teachers "Did
you teach this content . ring the year and if not, why not?”
One of the options was that it not be prior to the school year.
The students were also asked whether they had seen this
material this year or in the prior year. So that there is
something to that.

Do they actually make use of the data?

Use is made of the teacher data, teacher opportunity to
learn data; but to my knowledge, student opportunity to 1learn
data has been used only to 1look at the extent to which the
ratings of teachers and the students correspond. But it hasn’t
been broken down into looking at sequencing issues,

Please look at page 136 where I find some interesting data
in Table 7. For example, for item 018 the U.S. distribution of
resjonses is rather uniform except for the correct response;
but, for items 002 and 144 the distributions are not uniform
but concentrate on two choices. And the percentages for
correct answers are nearly equal. What do ycu think about thé

differences?
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Sawada:

Miwa:

Wilson:

Becker:

Yes, it is true that the percentage of OTL (opportunity to
learn) and TESA (teacher”s estimate of student achievement) are
very similar and low in both countries. I think that teachers
have not taught the topics, but students are doing them by
simple induction, such as in item 002. On the other hand, it
seems to me that item 144 depends on OTL and such a topic has
heen taught in classrooms in Japan. As a result, I think high
achievement on item 144 depends on high OTL in Japan.

Perhaps American members might make some comments about
these differences.

Shall I just call on one of the American members to
comment ?

Item 002 involves patterns and induction and the Japanese
scored considerably higher than the U.S. students. That
doesn”t surprise me because I believe that Japanese primary
school students receive more experience with that kind of
learning than their American counterparts. In fact, if I am to
generalize from some of the material I have read about Japanese
primary education and what various Japanese mathematics
educators have said to me, there is quite a lot of emphasis on

inductive reasoning in the primary school curriculum in Japan.

Kantowski: Since we are just guessing here, the original observation

Wilson:

was that the wrong answers were pretty evenly distributed in
002 and the incorrect answers were clustered in 1l or 4. In
002, as Dr. Becker indicated, the students have difficulty with
pattern recognition. There is no way that one could guess what
to do with the numbers. Regarding 144, students in the United
States are notorious for taking numbers and just doing
something with them. One thing that you can do in 144 is to
add the two numbers 8 and 12 and get 20. That was one of the
high percentage responses. You could also multiply those
numbers and get 96 and that was also another high percentage
response. So I think that one of the reasons for the cluster
was simply that the students did something with the numbers if
they couldn”t solve the problem.

I don“t see the cluster. Those look like exactly the same

distributions - one being 11 and the other one 12. But if you
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look at the four incorrect responses, you've got the same
nusbers across them. I don't see where one is more clustered

than the other, Am I missing something?

Becker: Yes, I think you are.
Wilson: What am I missing?
Becker: If I understood what Mary Grace is saying correctly, she is

giving an explanation of why the choices would be made for
various distractors and she is arguing that typically American
kids will just start to do some things with numbers, just to
operate on them. And there is clear evidence in the response
pattern, that students may be doing that.

Wilson: The previous observation was that they were more clustered
in item 144 than in item 002, I wonder about that. I don't
think they are. Now I don't disagree with the analysis of 144

about taking numbers out of context in the problem and putting

|
1
l
l
1
l
them together to get erroneous responses. That's how those
distractors are written in the first place. If you look at
002, you could argue that in fact the two responses that are 1
picked the most, a2 and e both reflect some degree of inductive
reasoning on the part of those students. They just made an l
error in some assumption in the process. One is 3 x 10, you
get the 10 figure you are looking for and you add 3 each time
and that's the 30, It jumps out at you. Regarding the other
one, there's four on each box, and they've got two that form
the point so that's 42. There is a pattern that could be
guessed by inductive reasoning. I don't know anybody that sat
down with some students and let the students talk through to
sea what they come up with., I don't disagree with what Mary
Grace was saying about her analysis on that problem, but I
think the previous observatioa that they were more clustered in
one item than the other may not b= on the mark.
Silver: I would like to make a couple of comments. I think that as
I looked across these items, being spurred on by Professor
Miwa's original observation, it seems that this might be an

interesting basis for a study to examine differences between
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Rachlin:

the U.S. and Japanese populations in terms of their

Jusceptibility to certain distractors or their tendency to
choose certain distractors. In most of these items it seems
that, except for the fact that the Japanese students choose the
correct answer much more frequently than the U.S. students,
there is a fair amount of consistency across the two
populations in choosing the wrong answer choices. An exception
is item 168 where the selection of choice b is higher for the
Japanese population than it is for the U.S. population. This
might be a basis for some interesting analyses that could be
done. Repeating the statement, %f you Jlook at the items and
focus on the wrong answer choices and compare the U.S. and
Japanese students, in general they perform in a similar way
with respect to choosing wrong answers. In other words, the
ratio of choices of wrong choices from the Japanese population
to the U.S. population is relatively constant, with maybe twice
as many American students making the wrong choices as Japanese,
but that ratio remains constant across all the wrong choices.
Except in the case of item 168, it's different. I wonder if
anyone has some speculation about why choices b and d have a
different frequency of selection in the U.S. and Japanese
populations?

One of the things that bothers me in Dr. Silver's analysis
is that the biggest difference is that this is an item in which
there is a large frequency of incorrect responses for the
Japanese group. Because of the larger number of incorrect
responses, it is going to change the ratios that you see l.ter
on. But in terms of the relative errors that are occurring, if
you just look at the errors, d is the most popular error that
is made and b is the next most popular error and that's
consistent between the two. That might be more important in
what are the rankings of errors as opposed to actual ratios.
In looking at 168, I don't think that it is rele' ant to look at
a ratio of U.S. to Japanese score because the major thing

that's changed is that there are more errors for everybody in
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that one. But what I liked in what was being suggested .s
looking at how the errors are clustered for the two groups to
see 1f the U.S. most popular error is the same as the Japanese
most popular error. It would be an interesting thing to look
at.

Becker: I have a comment about #144 again. When I read that
problem it just strikes me as a thinking kind of problem. Now
when I look at the data given on 2age 136 then it is cleer that
the Japanese students choose the correct answur almost twice as
oftén as American students and it looks like the, apply the .
wrong strategy far less frequently than American students.
That is, it looks like they are not just adding the two numbers
or multiplying the two numbers as often as the American
students. And that doesn't surprise me at all,

Hashimoto: I understand what Professor Becker said. From all the
results, what kind of things can we deduce about classroom
teaching? If so, 1it's no surprise that it is mot so wmuch
creative, but what kind of constructive view can we deduce from
these results? Are there other comments from the American
delegates?

Becker: One of the things that I infer from this, and I infer it
also from various parts of the 1literature 1in mathematics
education and from what knowledgeable Americans say aLiut
Japanese mathematics education, is that we need in the United
States to place far more emphasis on developing thinking skills
from the time kids first enter primary school. We have seen in
Professor Hashimoto's talk, in the writings of Jack Easley, and
other sources that Japanese primary teachers seem to spend more
time on thinking type exercises 1in classes than I think we do
in the United States. I want to be careful and not
overgeneralize, but that's an impression I have.

Travis: Also I think that one of the implications for classroom

teachers in the U.S. is to impress upon them the importance of

error analysis, because one of the advantages of a multiple

choice item is that you can learn so much from the errors that
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Wilson:

Kantowski:

Wilson:

students are making. ~ Perhaps there is something in the
teaching interaction that the teacher can do differently once
he or she can analyze the errors that are being made - to learn
from those and “hen change something within our style of
teaching. Perhaps the student is doing problem solving with
some kind of emphasis on pattern finding, induction and so
forth, but perhaps it is given in such a way that students are
not picking up the correct aspects. So I think looking at the
errors can be very insightful for teachers.

I want to respond to that. I think if you look at these
two items, 144 and 002, in the sense of analyzing errors as is
being suggested, my judgment about 144 is that the analysis of
those errors means that students didn't think about the
problem. The distractors are designed so that you aren't
thinking about 1it. Students have peen drilled on multiple
choice tests in the U.S. curriculum like this. These look alot
like textbooks from which kids have learned all kinds of
abortive strategies to respond to numbers. I think a.l we get
from the error analysis on that item is that they made silly
mistakes of the obvious kind, combining two numberc in some
way. On the other hand, an analysis ¢f error patterns for 002
show that they are partially correct strategies that somehow
lead to those distractors. My point is that T don't think we
learn a whole lot from the error analvsis of 144 where we might
have the opportunity to learn more, or at least have ideas to
test, and talk with students on 002.

T would like to comment about two of the other items. 1In
059 and 168 the p-values are less than random in the case of
the U.S. students and it is important to note that those items
were two of the three geometry items in that set. What that is
saying is that we did a really poor job and that we need to
look at our instruction in geometry. There were only 3
geometry items in this whole section and those are 2 of the 3.

I want to point out that the distractor choices are not

random,
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Silver: This is a point of information. Would those items be coded
ar geometry items or as measurement items? One involves angle
measurement and the other involves either weight or volurse,
depending on how you look at it.

Sawada: Items 023 and 059 are geometry items. The ratings of TOTL
are low. Japanese teachers say thev have not taught these
items at this stage. But the percentage of Japanese students
saying they had an opportunity to learn are higher than those
of teachers. Students thought that they had already learned
such problems in elementary school.

Wilson: Professor Shimada, you had your hand up once and I didn't
come back to calX on you — do you have a question or comment?

Shimada: I have two comments. One is. .on. the translation of test

items, the other on the classification of items in the

behavioral dimension.

While we tried to translate the original items in English
into the languages of participating countries preparing the IEA
study, we found it very difficult o decide at what level of
language formality they should be translated. Perhaps the
situation might be the same in other non-English speaking
nations. As you know, there are many levels of formality ir a
language. Home or peer language may be the most informal one.
The second one may be classroom language which seems a 1little
more formal than home language. The third or other higher
levels may be used according to the needs of formality in such
situations as public speaking, writing, academic presentation,
legal documents in business, etc.

The level of formality of language used in the testing is
usurlly a 1little more formal than that of the classroom
language in Japan, though in that case there may still be some
difference in level. All Japanese newspapers report problems
that are set in the entrance examinations, and if there are
ill-formulated ones or ones with ambiguous expressions, they

~are ‘severely criticized. So in formulating test items -which

are to be publishe? afterwards, we must be careful about the
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Wilson:

use of langrage. In translating the IEA test items, we adopted
the usual level of formality used in other tests published
widely. The language difficulty in the item no. 008 may be
partially due to this policy.

For the classification of items in the behavioral
dimension, I recall the discussicn in the IEA Council Meeting
for the IEA six subjects study 1n 1967. In that meeting, I
questioned if the classification of test items in the
behavioral dimension was free froo what students had learned up
to the time of testing. The answer was that it did not depend
on what was learned, but only oﬁ the structure of the items.
The structure of the item determines its category in
classification. But I could not and cannot agree with this,
For example, the item 144 is classified as 'analysis,' the
highest cognitive level in the report. Surely if a student has
no experience of solving this type of problem, then his mental
behavior may be said to be 'analysis.' RBut for Japanese
students who have learned the L.C.M. in grade 7 and had
exercises like this, this would be a familiar type though the
situation is not so popular in Japan. Therefore, if I am asked
to classify it independently for Japanese students, I will
classify it as 'application.' The classification which is
internationally valid is very difficult, and the result is a
kind of compromise.

I think we will have to end this session now. Thank you.
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Hashimoto:

Travers:

Professor Traver's Paper

Now we will begin the next session. I would 1like to
introduce Dr. Travers to you. He has been a Professor at the
University of Illinois at Urbans-Champaign since 1971. He has
the experience of teaching in both the elementary and secondary
schools and he took his degree from the University of Illinois
in 1965. He is very famous through the work of IEA studies, as
you know. He 1s a very active person and has travelled over
the world. He has visited Japan two times, first in 1978 as
the Chairman of IEA mathematics study and second in 1983 as the
plenary session speaker of ICMI-JSME regional conference. He
has written many books ana recently ,published a book whose

title is Mathematics Teaching. This is the second version ani

an excellent book for classroom teachers and students.

Thank you very much, Mr, Hashimoto, for that kind
introduction. I would like to take this opportunity to put
into the record, as it were, the deep appreciation of the IEA
and the International Mathematics Committee for the very
important work that Professor Shimada has made to both the

first international mathematics study and the second study.
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THE TEACRING AND LEARNING OF MATHEMATICS IN JAPAN AND IN THE UNITED
STATES: SELECTED FINDINGS FROM THE SECOND INTERNATIONAL MATHEMATICS
STUDY

Kenneth J, Travers
University ox I1linois
Urbana-Champaign, Illinois

1. Introduction

The Second International Mathematics Study (SIMS) provides a rich
source of data for examining various aspects of the teaching and learning
of mathematics. In this paper, selected findings are discussed 4n the
light of the fccus of this Seminar on problem solving, Detaiis are
provided in Travers (1986) as well as in the national reports for Japan
and the United States (see References),

The three-tiered view of the curriculum that provides the basis for
SIMS is a useful rubric for the present paper. Each of the three levels
of the curriculum (intended, implemented and attained) is a data source
that warrants attention (see Figure 1). To each of these levels may be
associated a variety of contextual factors that impinge upon schooling in

general and mathematics education in particular,
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Area of research  Example of research

interest methodology
National commi ted
INTENDED N e
CURRICULUM mzﬁu“’%ii‘“ %mkslm
and in the textbooks.
Teach d each
IMPLEMEN (ED item ai’fo’?ﬁiirl?tid%% |
ity t
CURRICULUM ?Iip;)nr:lltlllllézatoic: ?11;:35531'}’
to get the right answer.

Studerits responded to the

A’ITA]NED test items. "1 part of the

study, this was done at the

CURRICULUM J beginning and again at the

end of the school year.

Figure 1 Overview of the IEA Second International Study of
Mathematics :

The intended curriculum is reflected in curriculum guides, course
outlines, syllabi, and textbooks adopted by school systems. In most
countries, national curricula emanate from a ninistry of education or
similer body. In the U.S., such statements of intended goals and
curricular specifications come £from state departments of education and
froa lccal districts. Thus 1t was considerably more difficult to
describe the intended curriculum for the U.S. than for almost any other

country that took part in the Study.
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The implemented curriculum focuses on the classroom, where the
teacher interprets and puts into practice the intended curriculum,
Teachers exercise their own judgment in translating curriculum guides and
adopted textbooks into programs for their classes. Hence, their
selection of topics or p_tterns of emprhasis may not be consistent with
those intended,

To identify the implemented curricvlum, a number of questionnaires
were develcped for classroom teachers to complete, For example, teachers
were asked whether or not they had provided instruction for each of the
items on the achievement tests. They were questioned about such matters
as the use o0of calculaters 1n their classes., They were also asked to
provide detailed information on the mumber of &lass periods that they
devoted to specific topics and subtopics and on how they presented and

interpreted this mathematical content to their classes.

The attained curriculum - what students have learned as measured by
tests and questionnaires - was the third component of the Study.
Extensive achievement tests were designed to assess student knowledge and
skills in areas of mathematics that were designated as important and
appropriate for the students being tested. The "fit" between these tests
and the actual curricula in individual countries varied considerably,
because the tests contained items that were less appropriate in some
countries than in others and because they could not possibly contain an
adequate range of items to fully represent all curricula in all
countries,

The student outcome measures also included a number of opinionnaires
and attitude scales. These were devised to elicit students' views on the
nature, importance, ease, and appeal of mathematics in gensral and of

selected mathematical processes.
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Questionnaires on background information were designed for schools,
teachers and students, as indicated in Figures 2 and 3 for the two target

populations of students, Population B and A, respectively. Item sampling

was utilized in order to provide for sufficient content coverage.
Population B: math TR
specialists in final — (___w
lY‘_ear of secondary. geacha N : Student )
ifteen countries A:i‘t‘ugd‘l‘ R3: 17 items _ Background
participating Teaching R4: 17 items Attitudes
; Questionnaire
Practices RS: 17 items
Questionniare
R6: 17 items \——-/,
Each teacher “RT: 17 items ( Each student
Schoo} i indi OTL g answered 2 of
Organization indicated RS: 17 items e
Questionnaire for each of the orms,
\ 136items. ) Math Tests \ or 34 items. /

Figure2 Survey Instrumentation for Cross-Sectional Study,
Population B
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Population A: students Extensive classroom

in grade with m oda_l process questionnaires
age of 13 years. Eight
countries participating. ( Fractions X Geometry )
(Ratio, Pmporﬁonx Measurement )
Percent
General class-
C Algebra ~- -~ A~ -TOOm practices. - ) N
( Teacher \ Sud
Background - tudent
Attiltcug des R1: 35 items Background
Teaching R2: 35 items gmtufies .
Practices — uestionnaire
Questionniare R3: 35 items
L——-/ R4: 35 items
School ( Each teacher
Organization indicated OTL Math Tests
Questionnaire for each of the
\ 180 items.
( Each student ) ( Eachstudent
answered the answered the
coreand 1 core and 1
Pretest and rotated form at rotated form at
posttest... the begining the end of the
of the school school year.
year. \ /

Figure3 Survey Instrumentation for the Longitudinal, Classrocom

Process Study in Population A
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In this paper only a few of the contextual factors are selected for
discussion. Most of them are chosen because they are of interest to many
mathematics educators in the United, States. tHopefully, they are of some

interest to our Japanese colleagues, as well.

2. The Context of Mathematics Teaching and Learning
2.1 System Characteristics
2.)::1 Retentivity - S

IEA studies have consistently shown system retentivity (proportion of
age cohort in school) to be a powerful factor in accounting for between
system differences in mathematics achievement. That is, less retentivity
(more selecctivity) is accompanied by higher achievement. In this light,
it is important to note that Japan retains 92% of seventeen-year-olds in
school while the corresponding figure for the U.S. is 82% (see Table 1).
The retentivity figure for Japan, the highest of any SIMS country, is
particularly noteworthy in that it : . increased from 50% in the
mid-1960s (Fetters, et al., 1983). During the same time frame, U.S.
retentivity at the system level increased only about 12 percentage
points, from 70% in 1964, the date of the First International Mathematics
Study (FIMS).
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Table 1

Proportion of Students in Relevant Age Groups and Grade for

Each Country: 1981 (Population B)

: Gﬁggp Pop B Percent Pop B Percent of X;gcgggup
Country (Years) og Age Group of Grade Group in School
Belgium (FL) 17 9-10 25-50 65
British Columbia 17 30 38 82
England & Wales 17 6 35 17 N

- Pinland - — — — 18 15 38 59
Hungary 17 50 100 50
Israel 17 6 10 60
Japan 17 12 13 92
New Zealand 17 11 67 17
Ontario 18 19 55 33
Scotland 16 18 42 43
Sweden 18 12 50 24
U.S.A. 17 13 15 82

Notes: 1. Age group is estimated age at middle of school year.

2. While the fourth column re resents the percent of the age
cohort still in school, this does not imply that all these
students are in the grade(s) from which the Populatlon B
sample is drawn.,  Thus the second column is not always a
simple product of the third and fourth columns.

3. Data are obtained from national reports for each country,

The ratio of high gchool graduates to fogulation age 17 was

2 percent in the United States in 1981, U.S.  data on

enrollment were based on the school enrollment rates of

ersons 17 gears old according to the October 1981 Current

oEulation urvey. An additional 5 percent wasg enrolled in
college or university,

2.1.2 Target Populations

Two target populations were defined for the Second International
Mathematics Study:




Population A:  All students in the grade level where
the modal number has attained the age of thirteen years by
the middle of the school year.

acceptggpgéigigng:§ragtlo%tugﬁgtgecgggag§e igucﬁgfo§°§?3iiﬁ
B e mately s haors por wesh) of thel: acacemic program.
In both countries, Population A encompassed virtually all children.
It is noted, however, that, in Japan, Population A consisted of twelve
year olds instead of thirteen year olds (as it was in the U.S. and almost
all other countries). Two main reasons are given for choosing a younger
age group (seventh grade) in Japan. In the 7Tirst International
Mathematics Study (1964), testing occurred in May. Since Japan's school
year beqgins in April, their testing was at the beginning of the eighth
grade (grade. in which most thirteen-year olds were enrolled).
Furthermore, since in the Second Study, testing was done according to
each country's school year, end of year testing for seventh grade in
Japan corresponded most closely with the time of testing in the First
Study. It was also found that the content covered by the international
test provided a good fit to the seventh grade mathematics curriculum in
Japan.

A noie is in order for Population B. Even though the retentivity
figures for Population B mathematics are similar in both countries, it
should be pointed out that in Japan, all Population B students study
calculus. In the United States, it is estimated that only about 20% of
the Population B students are engaged in a full-fledged calculus (AP)

program,

2.1.3 School year (length of hours of mathematics instruction)

The six day school week in Japan is reflected in their long school
year. But since, at Population A, mathematics is studied, on average,
about 30 minutes per day in Japan as compared with about 40 minutes per
day in the U.S., the yearly amount of mathematics instruction is greater
for the United States. The tine spent in Japan in out-of-school tutoring
is not reflected in these data (see Figures 4 and 5).
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Japan
Netherlands
Hungary

Belgium (Flemish).

“France
Canada (B.C.)
Belgium (French)
Hong Kong
Canada (Ont.)
£ ptland
England/Wales
Finland

New Zealand
United States
Istael
Thailand
Sweden
Luxembourg
Nigeria
Swaziland

0

.

Days Per School Year

250

the international mathematics test.

KK

Figure I Median Number of Days per School Year (Population A)

Countries are ranked according to overall achievement on
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Figure 5 Hours of mathematics instruction per year (Popula’.fon A)
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2.1.4 Class size and gender

Mathematics classes are large in Japan (as well as in Hong Kong and

Thailand) with average size of about 40 students (see Figure 6).

Class Size

Japan
Netherlands

Hungary
Belgium (Flemish)

France
Canada(B.C.)
Belgium (French)
Hong Kong
Canada (Ont.)
Scotland
England/Wales
Finland

New Zealaud
United States
Ismel
Thailand
Sweden

Luxembourg

Nigeria

Swaziland

Figure § Median sizes of mathematics classes (Population A)
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In Population A, the proportion of females in both countries 15 (as
expected, due to the nature of the target populations) close to 50%
(48.5Z in Japan and 51.9% in the United States). However, in Population

B. the proportion of females is 22% for Japan and 44% for the United
States.

2.1.5 Homework

The amount of homework reported by studerts does not differ greatly

between the two countries for either Population (see Figure 7).
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Popalation A Students’ Reports of Mathemstics Homework
Assigned in a Typical Week
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Population A Students' BReports of Mathematics Homework
' Assigned in a Typical Week
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2.2 Teacher characteristics

Extensive data on the teachers of the sampled classes were obtained
from the teacher background questionnaires. These data included
information on the "workplace"” of the school aud classroom, as well.
Japanese and U.S. teachers are similar in terms of age and years of
experience. However, there 1is some evidence that the professional
~reparation of Japanese mathematics teachers may entail a greater

emp.aasis on pedayogy than that of the U.S. teachers (see Table 2).

Table 2

Teacher background data for U.S. and the comparative data for Japan,

Median Number of Semesters of Post-Secondary Mathematics Studied

U.S. Japan
Population A 9.3 6.0
Population B 16.4 8.0

Median Number of Semesters in Mathematics Methods and Pedagogy

U.Ss. . Japan
Population A 2.0 4.0
Population B 2.4 4.0

Median Number of Semesters in General Methods and Pedagogy

U.S. Japan

Sttt

Population A 3.9
Population B 3.0
3. The Content of the Intended Curriculum

On the surface, the content of the intended curriculum for each

target Population A does not differ gresily between the U.S. and Japan.
The significant differences in the content (within the limitations of the
IEA approach) appear to be in degree of emphasis rather than in kind of
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mathematics offered. With respect to algebra, for oxample, similar
topics are covered, in both countries, with two important contrasts: (i)
it is offered one yenr earlier in Japan ard (ii) it is p_=sented with a

great deal more "intensity” in Japan (see Figure 8).

Country

Rl

Iw;.mm/ /

o (Flemish) / . ) £
1

Figure 8 Intensity of mathematics instruction in Five Population A systems

The data in Table 3 are based on teacher reports of the number of
periods deveted to geomaotry. Median polish has been used to help in
identifying row (topic) and column {(country) effects. For example, the
relatively large negative effect for vectors indicates little attention
paid to this topic except for France and Belgium. The large positive
effect for spatial relations a-d solids in Japan indicates a special
emphasis on these topics.



Table 3
Geometry Topics Taught or Reviewed
(Median Polish)

BFL CBC CON FRA JPN NZE THA USA COLUMN

EFFECTS

Angles -16 -60 24 31
Transforms, 61 =41 39 41 =21 -36
Vectors 112 -30 66 =21 =29
Pyth. Thm. 33 =51 =21 33 17
Triangles -30 -17 30
Polygons -15 . =20 20
Circles -28 =26 21
Congruence -20 =20 28
Simi_. ity =51 =26 34
Parallel

Lines 40 33
Spatial

Relations 72 -9
Solids 54 24
Construction 17 32 <19 -16 =20 23
Proof 102  -2¢6 64 51 =21 ~31
Coordinates 15 26
Row
Effects -50 - - -25 - - - - €0

4, Thc Implemented Curriculum ~- Cpportunity to Lezrn Mathematics

For both countries, the character of the intended curriculum is
reflected, not surprisingly, in the curriculum as 1s reported to be
taught, In Japan, the median proportion of the IEA algebra items that
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were taught is high--the highest of all the countries. Furthermore, the
range 1is low, indicating a high degree of equality in Japan in
opportunity to learn algebra. In the U.S., the lower median level of
algebra coverage and the greater range in coverage reflects, among other
factors, the curricular differentiation (tracking) in eighth grade

mathematics (see Figures 9 and 10).

Country

Japan  United States

+ - Content Area
% T &&
s0% + Arithmetic
25% T .
5% T L
50% - Algebra
25% T

Figure 9  Opportunity to Learn Arithmetic and Algebra in the United
States (Eighth Grade) and Japan (Seventh Grade)




e

Class T'pe .
Remedial Regul.r Enriched Algebra

£ Content Area

75% T
50% -+ Arithmetic

25% T

75% + - :
50% T J_ ) Agebra
25% + T 1 ,

- —
75% T T
50% -+ ' . Geometry

=18 T I

Figure 10 Opportunity to Learn Mathematics:
Class Type by Content Area (Eighth Grade, United States)

A full analyecis of the classroom process data at the international
level has yet to be ~arried out. However, preliminary evidence indicates
a predominance of symbolic-oriented procedures in U.S, classrooms. 1In
Japan, by controsi, there appears to be more use of perceptual (concrete,

materials—based) strategies.
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5. The Attained Curriculum

Japanese students obtained the highest achievement scores, on
average, of any IEA country for Population A (and was second only to Hong
Kong in Population B). U.S. achievement was &t or below the median in
Population A (and typically among the lower quartile of covntries for
Population B).

100

80

Mean Score

Figure 11 International Achievement in Algebrs (P0pu1aticn a)

6. Yield

"Yield" may be defined in the context of this study as "what
proportion of students has learned how much mathematics.” From an
international perspective, U.S. yield in mathematics is low. 1In Figure
12, data on the intended, implemented and attained curriculum are

presented for five countries: Canada (British Columbia), Japan, England
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and Wales, Sweden and the United States. The height of each bar graph is
an index of the conteut of the curriculum as intended, implemented and
attained. The width of the bar reflects the retentivity of the school
system for the country. Therefore, the area of each bar may be thought

of as a yield measure for the respective country.

Elementary Functions/Calculus

Coverage
[$)]
o
1

Canada (B.C.)

Figure 12 Intended, Implemented and Attained Coverage in
Population B Mathematics for Five Countries (Width of Bar
Graph Reflects Population B Retentivity)
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Figure 12 indicates a generally negative association of retentivity
with achievement. That is, less retentive (more selective) systems tend
to have high achievement scores. The notable exception is Japan, with
high achievement even though retentivity in Population B mathematics is
comparable to that for Sweden and the United States.

7. Attitudes and opinions

7.1 Students

Overall, the attitudes of U.S. students toward mathematics tended to
be positive, Students feel that the study of mathematics helps them to
think logically and that the subject is a good one for creative people.
They also seem to have positive self-concepts with respect to
mathematics, and the majority report that they want to do well iu: the
subject (as do their parents). These findings contrast favorably with
those for Japanese students. Generally, in Japan, students have rather
negative attitudes toward the subject (see Table 4),

As Kifer (1985) has commented, "Despite how well Japanese students
did on the achievement test, compared with students in other systems they
find this...mathematics content and activities more difficult and they

like ~hem less. They also ascribe only an average amount of importance
to them" (page 11).




Table &4

Attitudes of Population A Students Toward Mathematics in School
(from Kifer, 1985)

Important Easy Like
Nigeria Nigeria
20 Sweden Swazilend
Israel Nigeria
E Thailand Israel Israel
Swaziland Thailand
F 10 9
16 6
F 17, 18 3, 4, 9, 12 18
6, 11 20 8, 9, 12, 15
E 0 8, 12, 15, 20 2 6, 7
3, 4,’5, 7 7, 16 2, 3
c 13 8, 15 4, 5, 15
13, 19 20
T -10 5 13
(French) (Flemish) (Flemish)
S Belgium Belgium Belgium
(Flemish)
-20 Belgium
Japan Japan
l= §Flemish) Belgium 11 = Japan
2 = (French) Belgium 12 = Luxembour
3 = British Columbia 13 = Netherlands
4 = QOntario 14 = Nigeria
5 = England and Wales 15 = New Zealand
6 = Finland 16 = Scotland
7 = France 17 = Swaziland
8 = Hong Kong 18 = Sweden
9 = Hungary 19 = Thailand
10 = Israel 20 = USA
7.2 Teachers

with

Population B teachers, as exnected, exhibiting a more dynamic view of the

Teacher attitudes toward mathematics tended to be positive,

topic than their Population A ounterparts,

Interesting contrasts were found with teachers at corresponding
levels in Japan. With respect to mathematics teaching, responses were
obtained on the dimensions of importance of mathematics teaching,
responses were obtained on the dimensions of importance of mathematics,
ease in teaching the subirct and how well teaching mathematics was liked.
The Japanese teschers tended to regard mathematics teaching as somewhat

more important than did the U.S. teachers.

However, on the Easy and Like




dimensions, the U.S. teachers were in the middle group while Japanese

teachers were among the most negative.

Perception of Ease of Teaching

The vast majority of teachers from the United States reported that
their mathematics classes were either fairly easy to teach or very easy
to teach. In Japan on the other hand, between 30% and 40% found their

classes hard to teach (ses Table 5).

Table 5

Fase of Teaching Mathematics in General and to the Class Sampled
as Rated by Eighth Grade Mathematics Teachers
(Percent of Teachers: All Class Types Pooled)

Ease In General To the Sampled Class
Us J Us J
Very Easy 46 1 25 0
Easy 43 8 43 10
Neutral 7 50 20 58
Hard 5 38 13 27
Very Hard 0 3 1 5
Reasons for Poor Achievement The Population A teachers were asked to

select from a list those factors that they believe account for lack of
satisfactory progress of their mathematics students. The teachers from
the two countries were remarkably similar in their responses to the first
three "student-oriented" reasons--lack of motivation, lack of ability and
absenteeism. Japarese teachers contrast dramatically with U.S. teachers
in that they more frequently attribute such factors as student
misbehavior, student fears of mathematics, large classes and lack of
time. The most dramatic contrast, perhaps, is that 1/3 of the Japanese

teachers indicate their own lack of proficiency as an important reason

for poor progress of their students. Only 3% of U.S. teachers cited this

reason (see Table 6).
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Table 6

Reasons for Lack of Satisfactorg Progress by Students
in the Sampled Classes as Rated K Eighth Grade Teachers
(Percent of Teachers

A Very Not An
Important Important
Reason Reason Reason
us J Us J
Student indifference or lack of
motivation 51 51 11 8
Student lack of ability 45 38 14 12
Student absenteeism 39 35 35 30
Student misbehavior 12 22 55 30
Debilitating fear of mathematics 11 19 56 31
Too many students 10 30 62 20
Limited resources and materials 7 13 78 41
Ingsufficient school time allocated
to mathematics 5 23 85 30
Insufficient proficiency on my part
in dealing with students having the
kinds of difficulties found in the
target class 3 33 80 12

Goals for Mathematics Teaching Problem solving is, for U.S. teachers,

the most highly ranked goal (from a stated list) for eighth grade
mathematics, with developing an awareness of the importance of
mathematics and establishing a basis of knowledge and skills as
important goals, as well. For Japan, interest in mathematics is the most
important goal. Problem solving ranks about in the middle range of

importance ratings (see Table 7).
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Table 7

Relati - Importance of Goals in Teaching Mathematics
as rated by Eighth Grade Mathematics Teachers
(Percent of Teachers)

Relatively Relatively
Goal More Important Less Important

Us J Us J

Develog a systematic approach to
solving problems 63 34 5 11

Develop an awareness of the imggrtance
e

of mathematics in everyday 1 61 18 7 20

Perform computations with speed and

accuracy 57 48 8 12
Kngxdmgigggigﬁggl facts, principles 55 20 8 20
Become interested in mathematics 47 65
Develop an attitude of inquiry 38 32

Understand the logical structure of
mathematics 30 13 17 27

Develop and awareaess of the importance
of mathematics in the basic and
applied sciences 21 14 20 44

Understand the nature of proof 13 10 63 59

Importance of Resources Accoiding to U.S. teachers, the most important

instructional resources are found in the textbook, in mathematical
content recalled from course work and from tests. These factors are
cited by Japanese teachers, too, but with 1less strength (or emphasis).
It is interesting to note that relatively large proportions of teachers
in both countries seem to discount the importance of external
examinations, the syllabus and published visual aids as instructional

resources for mathematics teaching (see Table 8).
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Table 8

Importance of Resources Supgorting Teaching
as Rated by Eighth Grade Mathematics Teachers

Mean Percent Percent
Imgortance Rating as of Doing Without
Resourxce ating Highest Importance Resource Now
us J us J
Published textbooks 3.14 49 21 2 22
"What you remember from mathe-
matics courses you have taken" 3.09 45 7% 1 22%
"Tests you have written" 3.09 40 11 2 21
"Examples that you have made
yourself” 3.09 38 5 4 30
“"Problem sets you have written
yourself" 2.71 24 3 5 28
Published workbooks and
problem sets 2.07 13 3 13 21
"Advice you have received in
the East year from other
teachers"” 2.00 8 2 7 32
"What you remember from educa-
tion courses you have taken" 1.92 9 3 5 23
"Knowledge of what is on external
exams taken by your students" 1.71 5 1 18 37
Official Syllabus 1.67 7 7 16 21
"Visuals (slides, transparencies,
posters) you have made yourself® 1,69 7 2 25 31
"Advice received in the last year
from administrators (e.g.
department head, rincipai,
curriculum supervisor)" 1.64 7 1 17 40
Published tests 1.53 8 1 23 20
Published visuals (slides,
transparencies, posters) 1.20 3 0 35 51

* Note: Wordinﬁ in Japanese questionnaire: .+.remembering the way you
e I

were taught mathematics...




8. Summary

Within the framework of SIMS, Japanese mathematics education Jlooks
very good. High proportions of students are learning a great deal of
mathematics, It is noteworthy that this is taking place in the context
of large classes, and only modest amounts of available instructional
time. Furthermore, Japanese students (at Population A) were ona year

younger than those in most other countries,

Teacher coverage of the curriculum in Japan tends to be high, and
with relatively low variation. Considerable variation in instructional
strategies is in evidence, In short, the Japanese educational systenm

appears to be very efficient,

In the U.S., by contrast, overall mathematics achievement is 1low.
This is the case in spite of smaller classes and more allocated time for
mathematics, Teachers exhibit a relatively limited repertoire of
instructional approaches. However, the generally positive attitudes of
both students and teachers toward mathematics in the U.S. is worthy of

note.
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Hashimoto:

Travis:

Travers:

Sawada:

Travers:

Discussion of Professor Travers' Paper

On behalf of Japanese delegates, I request that American
delegates speak English slowly 1like Professor Jerry Becker.
Professor Travers has given us very interesting results through
the IEA study. Now, are there questions or comments?

I was wondering how are these reports used in both Japan
and the U.S.? Are they just informational or are they intended
to effect curriculum change?

I'1l let the Japanese go first,

We have already published the national reports in three
volumes based on the Japanese data. But the results of
curriculum analysis of the Second IEA Mathematics Study has not
yet been published,

I'll give an answer in a couple of ways. First of all, I
cannot claim that this has happened by design, rather it
happened more by happy coincidence that two of the major people
in preparing the U.S. reports are, respectively, the past and the
current President of the National Council of Teachers of
Mathematics. I've asked all of the people to send in to me
reports of what they have been doing about the findings; i.e.,
how they have been using it. From %hose two gentlemen,
Professors Joe Crosswhite and John Dossey, I have an impressive
list of the numbers of talks they've given around the country
and it runs into almost 100 talks and many thousands of
teacners they have reached. I am not sure how one assesses
what use is being made in terms of implications, but that's at
least getting the word out so that people are aware of some of
these findings,. Now, one of the things about the United States
that many people around the world find curious is the lack of a
kind of a centralized thrust in terms of education. By
tradition, education 1is very much a local matter. So the

Department of Education in Washington, D.C. is, at best,
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Shimada:

regarded with a certain amount of suspicion in terms of making
pronouncements. So one does not look to a central group like
the U.S. Department of Education for policy actions. But, in
thke case of mathematics education, a very satisfactory
alternative has been the appointment of a group called the
Mathematical Sciences Education Board. It is a board that has
been established to, among other things, look at issues of
policy in mathematics education. As it turns out, the board is
very interested in the findings of the study and 1is at the
moment putting together a symposium that will be held in late
fall or early winter in Washington to examine the findings and
to make policy recommendations based on the findings. That's
another kind of thing that is being done.

The project was a thevretical one and focused on
fact-finding. To interpret the implications of the results for
edvcational decision making is left to the outsiders who have
an interest in the study. 1Its implication may be interpreted
in many ways according to different viewpoints. The IEA study
gathered many data but not all will be wused in the final
report, One important feature of the IEA 1is that after all
processes are completed, all data will be internationally
opened to those who want to analyse the data from different
viewpoints.

Speaking from the Japanese experience in the IEA First
Mathematics Study, the reports were published as books by the
National Institute for Educational Research, and became
gradually known to all teachers and scholars in the field. For
a variety of reasons 1t induced many different opinions
regarding the state of mathematics education in those days.
Those criticisms or considerations reflected on deciding some
action in mathematics education. So its effect is indirect.
What I referred to in the discussion of my paper 1is one

example.
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Rachlin:

Travers:

You had mentioned earlier, Mr., Hashimoto, that Dr. Travers
bhas just finished a new edition of a methods text, the

secondary methods text and, as an author for a methods text, he
originally wrote his first version before the international
study began and a new version is coming out ir the midst of the
international study. Professor Travers, are there changes that
you have made and suggestions to teachers for the way that they
teach based on what you have learned from the international
study?

Unfortunately, part of the information yocu have is not
correct — we have not finished the second edition yet. I say
that also in self-defense because I haven't really thought
through all the implications, but I am sure there will be some.
Let me give you one. I won't take the time to go to the
overhead, but let me remind you of some of those displays that
show incredible relationship from a statistical point of view
between what teachers teach and what kids learn. I think
through the research on teaching some of us have grown rather
defensive about the fact that we don't have a lot of evidence
out there, that 18, hard data that there is much of a
relationship between what teachers teach and what kids learn.
We have in the IEA data indisputable evidence that this is the
case. To those of us who make our living by teaching this
should not be a surprise, but reassuring. T think one of the
points I would like to see made much more strongly is that you
have to take the teaching act very seriously. If you've got an
objective make sure you cover it. A sort of necessary but not
sufficient condition for kids learning the stuff is that, by
golly, you make sure you get to it in your program. There is
another one that is terribly profound and I don't know how to
deal with it yet. I think we are making a terrible mistake in
the United States by an early differentiation of kids into
various groups. Somecne has gaid we have them not only in
different cafeteria lines but they are in different buildings,
esgentially, I think I will 1let that second one just hang,
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Sugiyama:

Travers:

Whitman:

Travers:

because the 1mplications are profound and I thZnk it is
something about which our Japanese friends are probably puzzled
because in Japan you Jjust don't understand the American
situation: that is, we are convinced in the United States that
the way in which to teach effectively and to help kids develop
their highest potentisl is to put them into different kinds of
classses early in the school. I'd be happy 1if the Japanese
would like to comment on that.

We want to do it, but because of the Native Japanese people
they caunnot do it, nor are allowed to do it. Japanese society
is a democratic one, but it is the so-called "democratic on the
surface.” It is not truly democratic. I think that Americans
seem to give equal opportunity for growth. The Americans may
make differentiations, but that's because they want to give
everyone equality in growth.

Well, my comment is that many of our kids are not getting
an opportunity to grow in algebra, for example - they are not
being taught algebra.

Professor Travers, of all the countries in the study, what
countries besides Japan were heterogeneously grouped?

That is a 1liitle hard to determine factually. We can ask
countries what they are doing, but we wanted to do this by
looking at the data. The way we decided to haundle it was by
sampling two classrooms per school so that we could get a
measure of how much within-school variation there was in
achievement. And on the basis of that it looks like, for
example, in the European tradition, there is a 1lot of
differentiation because it i:. part of the tradition that more
able kids go to the gymnasium, so I'm not holding that up as a
model. I think that would prcbably be even a worse situation
than some. From a democratic pont of view I think that's
repugnant. In terms of what you say, for example, as official
policy, British Columbia and Ontario say they do not group by
abiiity. But it was very interesting when we looked at the
opportunity to learn data where one of the questions is “Have

you taught this? If not, why not?” A lot of the British
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Silver:

Travers:

Sawada:

Travers:

Sugiyama:

Travers:

Columbia teachers were checking the response "We don't teach it

for other reasons"” and the people out there said that other
reason i1s because they are doing de facto grouping. However,
it is against ministry policy, so they don't want to state it.

Ken, vou mentioned in discussing one of the items that the
pattern of gender differences was similar across all countries.
In general, comparing the Jaginese and U.S. performance on
items for which there are gender differences, do you find the
same pattern cross-culturally or 1is that something that bears
looking at in a study?

The matter of gender differences 1s Jjust not receiving
attention. There is a group in Ontario that is working on this
and I'm trying to recall what they found. I mentioned this one
because it is one of the classic kinds of items on spatial
visualization but my recollection is that, by and large, we do
not find striking patterns of gender differences across the
countries and one would have hoped that, because of cultural
kinds of differences, one would find gender differences to
correspond with that and we haven't found any - that's my
recollection. It certainly bears further study.

I don't think teachers have responded that there are
differences in gender. I think two things so it is a very
large difference gender between two countries. Japanese gender
differences are large.

Achievement, yes, I was referring to achievement.

In Japan, students want to be equal or to be not different
from each other, so they are much concerned with low achievers.
Much time is used to teach lower level students, and it might
happen that students of high achievement do not have
opportunites to grow enough.

I would point out that one of the most important analyses
that has been done is to look at the achievement of the top cne
percent of the students across all of the countries. That
helps to deal with differences in retentivity, for examnle, and

we found that on that one Japan wins nicely and the U.S. loses.
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I was reading some of the papers that came priortothisl

conference. There was something in one of the papers
Professor Azuma, formerly of Tokyo University, on views that
parents in the U.S. and Japan have about their children's
achievement in school. I found a striking correspondence
between that and my table on page 175. Here we ask the
teachers how easy they found mathematics teaching to be. By
and large, American teachers found it really very easy and
Japanese teachers find it very hard. I think clearly one of
the issues has got to be this business of ability grouping. If
you have all of these kids of various abilities in one class,
that's certainly one factor that makes the teaching of
mathematics very hard in Japan. But overall it is kind of an
interesting cultural comparison.

Hashimoto: I'm sorry, but time is nearly up, but we'll take one wmore

question.,
Silver: Just as a follow-up to that, it may be that Japanese

teachers find it hard because they are really teacﬁing

mathematics and U.S. teachers aren't.

Travers: Because they have had courses in the pedagogy of
mathematics.
Hashimoto: Now time is up. We have had useful discuesion in this

session. Thank you very much.
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Professor Clarkson's Paper

Nohda: It is my pleasure to introduce Dr. Sandra Clarkson. She is
Associate Professor of Mathematics at Hunter College, City
University of New York. She has worked as a junier high school
teacher, a teacher of teachers and currently is Director of the
Mathematics Learning Center at Hunter College. She is an
author of several books and served last year as an advisor and
consultant to a company developing an elementary school
mathematics textbook series.

Dr. Clarkson arrived here on Sunday night, when we were
enjoying the reception at the Hotel. After a long trip f£from

London via New York, she came here to speak in this session.




PROBLEM SOLVING INSTRUCTION AND THE CHARACTERISTICS
OF WORD PROBLEMS IN ELEMENTARY SCHOOL TEXTBOOK SERIES
IN THE UNITED STATES

Sandra Pryor Clarkson
Hunter College
City University of New York
New York, NY

Note: The gurpose of this paper is to provide some descriptive
information of elementary mathematics textbooks in the United States,
The emphasis is on word problems - the operations or stratesies required
to solve them, their context, length, size of numbers, and density. The
"counts” of problems are not intended to be absolute numbers but to give
a "pall park figure" to use 1in comparison from one text to another.
Every attempt was made by this author to be consistent in the analysis
from one text to another and in the identification and classification of
word problems.

One of the most reliable predictors of the content taught in the
elementary school classroom is the content found in the elementary school
textbook. Lacking a clear curriculum guide or a strong mathematics
background and lacking ancillary and manipulative =saterials, zost
clementary schocl teachers in the United States rely on the content and
approaches found in their grade level mathema “cs textbook. What, then,
can we conclude about instruction in problem solving?

In 1981, it was reported that curricula for the primary level
contained "practically no mathematical problem-solving experiences "
(Greenes, 1981), Most of the major textbook publishers in the United
States now claim to contain much problem solving, even beginning in
Kindergarten. To determine what extent problem solving is included, the
existing scope and sequence charts of 10 major publishers (Appendix I)
were surveyed to determine the strategies taught in each program for
grades three, five, and seven (see Tables 1 - 3). A lack of consensus
was found as to what constitutes problem solving.

The number of different strategies taught within a grade level differ
from series to series and grade to grade. In the third grade (Table 1),

from one to twelve different strategies are taught, depending on the

190

g _N8




text. Text series I, C, and J teach 12, 11, and 10 strategies,
respectively. The most commonly taught strategies for this grade 1level
are "choosing correct operations,"” "solving problems with too much
information,” and "drawing/using diagrams.” For grade 5 (Table 2), the
number of different strategies taught ranges from 13 to 4, with series A,
C, and E teaching the largest number (13, 12, 11). The most commonly
taught strategies were "solving problems with too much Information" and
"solving multi-step problems."” In grade seven (Table 3), text series C,
D, and F taught the most different strategies (13, 12, 10)., The least
number taught was 5. The most commonly taught strategies were "solving
problems with too little information” and "using/drawing diagrams,"

For the most part, the text series showed a lack of consistency in
the strategies taught from year to year (Table 4). There were only two
3trategies that were taught in more than half the text series for all
three of the selected grades (3, 5, & 7). Those two strategies were
"solving problems with too much information" and "using/drawing a
diagram."” Looking at the individual text series, we find that from 1 to
11 strategies were taught in all three years, Text series C taught 11
strategies. The next closest were series G and J with 6 strategies.

With the teaching of all these strategies, what kinds of word
problems are being included in the textbooks? Five ma jor textbook series
(1985-87 copyright) were chosen and the word problems in the third and
fifth grades were analyzed in the following categories: problem
characteristics, including the use of key words, the use of strategies
necessary for solving a problem, problem density, context (fantasy,
realistic, factual), and difficulty.

A major factor in the ability to solve story problems in Arithmetic
is a student's reading ability (Ballew & Cunningham, 1982). Textbook
publishers have tried presenting problems with fewer words (Eicholz,
O'Daffer & Fleenor, 1978); however, this format has not been shown to
improve the problem solving ability of students in the third through
seventh grades. In fact, the traditional format appears to be easier to
interpret, especially for students of high reading ability (Moyer, Moyer,
Sowder & Threadgill-Sowder, 1984). One aspect of reading ability that
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may aid in problem solving performance is the recognition of certain "key
words" that may alert students to the operation needed in a problem.

There is some disagreement about the usefulness of "key words"” in
teaching students to solve word problems (Nesher & Teubal, 1975). Key
words are words that suggest the operation needed to solve a word
problem, words like "in all," "sum,” "difference,” "have left” (see Table
5) (Caldwell, 1984). To determine the use of key words in the textbooks,
problems were classified according to the operations needed to solve them ‘
and whether or not there were key words in the text of the problems.
Theee —esults are reported in Tables 6 - 9.

Word problems that use the operation- of addition in Grade 3 (Table
6a) and Grade 5 (Table 6b) textbooks rely on key words only 40%Z of the
time. The most commonly used key words are "in all" and "total” for
grade 5, and "in all,” “together” and "more” for grade 3. For
subtraction (Tables 7a and 7b), the key words "change” and the two
phrases "have left" and "how many more” were clearly most frequently
used. Key words appeared in 547 of the subtraction problems for the
third grade and in 6572 for the fifth grade. For multiplication (Tables
8a and b) key words were used 6372 of the time for grade 3 and 5572 for
grade 5. The most common key words were "times" and "each.” Division
(Tables 9a and b) also relied heavily on the use of the key word "each.”
Clearly, this word loses its effect as a hint when it is used equally as
often for both multiplication and division. Key words were used in 73%
of the problems in grade 3 and 55% in grade 5. Many of the problems were
multi-step problems (Tabl ; 10a and 10b), using any combination of
operations for solution. As a matter of observation, most of these
contained key words that would aid in their solution. The number of
multi-step problems in a text ranged from 18 to 39 for grade 3 and from
33 to 175 for grade 5.

Use of Problem Solving Strategies Problems require a problem solving

strategy, in place of, or together with, one or more operations. The
emphasis on problem solving strategies in the textbooks followed the
release of a set of recommendations for teaching mathematics issued by

‘the National Council of Teachers of Mathematics (NCTM) and the National
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Council of Supervisors of Mathematics (NCSM). The Position Paper on
Basic Skills released in 1977 included strong recommendations to include
the teaching of general heuristics 1like the following: decide what
information is given, or needed; make a diagram; write a mathematics
sentence using symbols to show operations; make a table, graph, and/or
chart; look for a pattern; try a formula; work backwards; guess and
check--estimate; think of a simpler problem; think of a sgimilar problem;
try to solve the problem several ways. This suggestion, together with
the statement that "mathematics education must not emphasize
computational skills to the neglect of other critical areas of
mathematics” came as a response to the decreasing test scores, especially
in applications and problem solving, which accompanied a strong "Back to
Basics” movement in tbe United States in the seventies.

Texts for grades 3 and 5 were analyzed to find the most often needed
problem solving strategies. Tor this analysis, the problem solving
strategies taught in any of the texts for grades 3 and 5 were listed and
then a count was made of the problems that needed such strategies for
solution, The most commonly needed strategies in the third grade were,
in order, "Guess and Check,” "Make a Table,"” "Missing Information," and
"Draw @& Picture.” The total number of problems needing any problem

solving strategies in each of the three text series A, B, and D were 33,

30, and 8., For grade 5, the use of strategies was more prevalent. The
most commonly used strategies were, in order, "Guess and Check,” "Draw a
Picture,” "Make an Organized List,"” and "Missing Information."” The total

number of problems needing problem solving strategies in a series ranged
from 0 - 85, By the seventh grade, students have been exposed to many
different strategies. To find the number of available problems that
could use a given strategy (Table 15), all strategies labeled "Problem
Solving" were listed with the total number of problems included for each
one. No attempt was made here to determine the necessity for a given
strategy, this is merely a count of the number of problems avallable for
practice with the stratagy.

Although most text series now claim to teach problem solving
strategies, the actual problem solving required is often minimal.

Despite the instruction in problem solving strategies, the majority of
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problems given 1In the selected five textbook series require no such
strategies to so.ve them. And, in the comparison of any two
instructional sets, great variation will be secen in the types of problems
given and the approaches needed to solve them.

The newest texts, copyrighted in 1987, show much more emphasis on
problem solving strategies than do their 1985 and earlier cou *erparts,
They do include problems that can be solved only with the use of such
strategies. This emphasis has resulted from the 1issuance of the
California State Department of Education's Mathematics Framework for
California Public Schools. This framework is California's statement of
what it expects from all the mathematics textbooks adopted in California.
The influence of California will be seen in all mathematics textbooks
copyrighted in 1987 and, perhaps, beyond that.

There are several additional factors that may accourt for a student's
ability or inability to solve verbal problems. These fa:tors are problem
density (how many problems are there to spread over the school year);
problem context (whether the problems are factual (with real data),
realistic, but not factual; or fantasy-like); and problem difficulty.
Analyses for all these characteristics were done of 3rd and 5th grade

texts.

Problem Density was determined by dividing the total number of "word

problems"” by the approximate number of school days in the United States
to find the average number of problems per day available to the teachers
of each of the text series. Table 12a shows the problem density is about
the same for each of the third grade texts examined. Table 12b shows
that the density for the fifth grade texts ranges from 1.1 to 3.0. Most
of these problems appear in groups throughout certain, But not all,

chapters.

Problem Context was determined by analyzing the first three problems

appearing after pages 25, 50, 75, 100, etc., to determine whether they
were factual (contained verifiable information), realistic but not
factual (possible situations and numbers that are also possible, but not

true situations), or fantasy (made up situations and data; not
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realistic). For the third and the fifth grade textbooks {Table 13), the

vast majority of the problems are realistic, but not factual.

Problem Difficulty was determined by analyzing the fifth word problem

that appeared after pages 25, 50, 75, 100, etc., to f£ind the problem
length, size of the numbers in the problem, the operation(e) needed to
solve the problem, and the order of the numbers needed to solve the
problem. Thic information is included in Tables l4a-14h, The average

number of words in each problem ranges from 19.1 words to 25.8.

My intention in this paper is to describe the word problems available
in the mathematics textbooks for elementary grades three, five, and
seven. In this way, I hope to give what I consider a relatively true
picture of the classroom use of word problems in the United States.
However, whether or not the teachers are capable of presenting problem
solving to their students using the materials available in the textbooks

cannot be answered by simply analyzing these texts.
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TABLE 1 Scope and Sequence Information: Heuristics Used
in Grade 3 Textbooks

TEXT SERIES A B C D E F G H
PROBLEM SOLVING STEPS 3 3 3 - - - - -
CHOOSING CORRECT OPERATIONS 3 3. 3 3 3 3 3 -

ASKING QUESTIONS/FORMULATING '
PROBLEMS 3 - 3 3 3 - - -

PROBLEMS WITH TOO LITTLE
INFORMATION 3 3 3 3 - - 3 -

PROBLEMS WITH TOO MUCH
INFORMATION 3 3 3 3 3 3 3 -

M